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Groups (II) 
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1 Introduction 

This is the second of our two papers on the Siegel-Weil theorem for loop 
groups. In the first paper [3] we proved the Siegel-Weil theorem for (finite 
dimensional) snt-modules ([3], Theorem 8.1). In the present paper we use 
this result to obtain the Siegel-Weil theorem for loop groups, Theorem 7.5, 
below. 

In addition to the corresponding result for snt-modules, our proof de- 
pends on a convergence condition for certain Eisenstein series on loop groups 
(Theorem 5.3, below). We note that this convergence criterion is used for 
the convergence criterion for Eisenstein series associated with snt-modules 
(Theorem 6.6, below). The uniform convergence obtained in Theorem 6.6 
is crucial for applying the abstract lemma in Weil [8] (see [8], Proposition 
2, page 7). 

The Siegel-Weil theorem for snt-modules does not immediately give the 
result for loop groups. The failure to do so is measured by the terms on the 
right hand side of (7.8). However, in §8, we show that in fact, these "error 
terms" vanish! 

We now describe briefly our main result. Let F be a number field, F^" 
be the standard symplectic space over F, and let (F, (, )) be a finite dimen- 
sional F-space with an anisotropic non-degenerate symmetric bilinear form 
(, ) with corresponding orthogonal group G. The space F^" Cg) y is naturally 
a symplectic space with isometry group Sp2N (where 2N = 2ndimy). The 
groups Sp2n and G are commuting subgroups in Sp2N- The Weil represen- 
tation can be generalized to loop symplectic groups [9j. Let 

s{{t-'F[r'f^0V)A) 

be the space of Schwartz functions on the countably infinite dimensional 
adelic space 

(t-iFri]2"0y)A. 
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It is a model for the Weil representation of the adelic loop metaplectic group 
Sp27v(A(i)). The commuting pair {Sp2n,G) is supposed to be lifted to a 
commuting pair consisting of the metaplectic loop group Sp2„(A(t)) and 
a central extension of G(A((t))) in Sp27v(A(t)). For our formulation of 
the Siegel-Weil formula, we only need half of the loop orthogonal group 
G{A[[t]]). We prove for functions / G S{{t-^F[t-^]'^'' V)a) which satisfy 
certain properties, that the theta functional 

eU) = E 

re(t-iF[t-i]2"(g)V 

converges (See Theorem 3.3). Also the Eisenstein series 

geSp2n(F[[t]])\Sp2u{F(it))) 

converges under the condition dimV > 6n + 2 (Theorem 5.3). In the above, 
Sp2n{F[[t]]) plays the role Siegel parabolic subgroup for a loop symplectic 
group. Our main result is that 

E{f) = I 0{gf)dg, 

JG{F[m\G(A[m 

see Theorem 7.5, below. 

This paper is organized as follows: In §2, we review the metaplectic loop 
group and Weil representation, as constructed in We also give some 
further constructions and technical results which will be needed later in the 
paper, including some discussion for non-archimedean local fields and for 
adeles. In §4 we discuss Eisenstein series for loop metaplectic groups, and in 
§5, prove a convergence theorem, Theorem 5.3, for these Eisenstein series. 
In §6 we relate Eisenstein series in the loop case and the snt-module case, 
and finally in §7, we prove the Siegel-Weil theorem (Theorem 7.5) for loop 
groups. However we give the proof that the terms on the right hand side of 
(7.8) are zero in § 8. 

2 Metaplectic Loop Groups and the Weil Repre- 
sentation 

In this section, we recall the Weil representation of a loop symplectic group 
over a local field constructed in [9] (Section 2.1). We then define the meta- 
plectic loop group using the symbol of the Weil representation and study its 
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Bruhat and Iwasawa decomposition (Section 2.2). In Section 2.3, we define 
the adelic metaplectic loop group for a number field and the adelic Weil 
representation. 



2.1. The Weil representation and metapletic loop group over a 
local field. Let F be a local field of characteristic and iphe a non-trivial 

additive character of F. For a standard 2A^-dimensional symplectic space 
p-2N Qvgr p ^iti^ symplectic form (,), the space F{{t)f^ = 0f F{{t)) 
has an F((t))-valued symplectic form (, )F{{t)) given by the scalar extension. 
It gives a F-valued symplectic form on F{{t))^^ by taking the residue: for 

w,veF{{t)f^, 

{w,v) = Res{w,v)F{{t)), 

where Res a for a € ^((i)) is the coefficient of t^^ in the expression of a. 
The spaces X_ = t^^F[t~^]'^^ and = F[[t]]'^^ are maximal isotropic 
subspaces of Since the group Sp2jv(-^((i))) preserves (,)_F((t))) it 

preserves (,) on F{{t))'^^ . We shall assume Sp2NiF{{t))) acts on F{{t)f^ 
from the right. We also need a larger group Sp{F{{t))'^^ , X^), which is by 
definition the group of all i^'-linear symplectic isomorphisms g of F{(t))'^^ 
such that X^g and X+ are commensurable. The loop group Sp2jv(-P((i))) 
is a subgroup of Sp{F{{t)f^ , X+) . 

Each g G Sp{F{{t))'^^ ,X+) has a matrix form 
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a f5 
7 6 



(2.1) 



with respects to the decomposition F{{t))'^^ = X_ X+. So it acts on 
V + V* as {v + v*)g = (va + v*j) + {v(3 + v*5), where a : X^ — > X- 
, (3 : X- X^, 7 : X^ X^ and 6 : X-^- X-^-. We sometimes 
write ag, Pgjjg, 6g to indicate the operators are associated with g. For a 
symplectic isomorphism g of F{{t))^^ , the condition that X^g and X^ are 
commensurable is equivalent to that dimlm7g < oo. 

The Hciscnbcrg group associated to the infinite dimensional symplectic 
space F{{t)f^ is 

H = F{{t) f^ X F 
with the group structure given by 

ixi,ki){x2,k2) = {Xi + X2, ^{xi,X2) + h + ^2). 

The group Sp2jv(-^((i))) acts on H (from the right) by (x, k) ■ g = {x ■ g, k). 
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We call a complex valued function on a Schwartz function if its 
restriction to each finite dimensional subspace is a Schwartz function in the 
ordinary sense. For example, if F is a p-adic field with the ring of integers 
O, the characteristic function of t~^0\t~^Y^ ^ Schwartz function, and if 
F is M or C, q{x) is a C-valued quadratic form on X_ with real part positive 
definite, then e~'^^^^ is a Schwartz function. Let 

S{X_) 

denote the space of Schwartz functions on X^ . We view X_ , Xj^ and F as 
subgroups of H by the embedding v e X_ i-^ (^,0),?;* S X+ i-^ {v*,Q),k G 
F I— > (0, A;). The Heisenberg group H acts on S{X-) by the following: for 

{k-f){x) = i,{k)f{x) (2.2) 
{v f ){x) = f{x + v) 
{v*-f){x) = i,{{x,v*))f{x) 

We recall the results about the Weil representation for loop groups 
proved in [9]. 

Theorem 2.1 For each g G Sp(F((t))^^, X4.) with decomposition 112. 
and a choice of Haar measure on Imj, we define an operator Tg on S{X^) 
by 

{Tgf){x)= f 5g(x + x*)/(xa + x*7)(i(x*7), (2.3) 

where 

Sg{x + X*) = V Q(2;a, x(3) + x*5) + (x*7, x/3)^ ; 

ip here is a non-trivial additive character of F; then for each h € H, 

T~'hTg = h-g. (2.4) 

And g 1— > Tg gives a projective representation o/Sp(-F((t))^^, X+) on S{X^). 

By restriction, we have a projective representation of Sp2/vr(-F((t))) on 
S{X-). The Steinberg symbol for the representation is given by the follow- 
ing: suppose o"i,(T2 G with constant terms ci and C2 respectively, we 



4 



have 



(f^'"ai,t^"a2) = |C(t^'™cTi,t^"^72)|-5 (2.5) 

(t2"ai,t2«+V2) = 4i£^|C7(t2-ai,t2"+V2)r^ 
7(CiC2, V') 

7(Ci 02,-0) 

(t2-+Vi,t2«+V2) = 7(ci,V')7(c2,V')|C(t2"+Vl,t2"+V2)|-i 

where C(/i, /2) denotes the tame symbol of /i and /2 given by 

C(a,&) = (-l)"("M^)^|,=o, 

and 7(c, ■0) denotes the Weil index of c € F with respect to if) defined by 
the condition that the Fourier transform 

of the distribution ip^^cx^) equals to 

i{c,iIj)\c\~^iIj{-c~^x^), 

see [7]. 



We fix a Borel subgroup Bq of Sp2^ as the stabilizer of the flag 

spanjei} C • • • C spanjci, . . . , ctv}, 

where denotes the vector with i-th coordinate 1 and other coordinates 0. 
We fix the maximal torus Aq of Sp2n{F) consisting of diagonal elements, 
and let Aq be the corresponding set of roots of Sp27v We fix a Chevalley 
basis of the Lie algebra of Sp2jv The group Sp2N{F{{t))) can be described 
as the group generated by root vectors Xa(a), where a S Aq and a G F{{t)), 
and the relations (^Mj ([121) and i^B) below: 

Xa{ai)xa{a2) = Xaiai + a2). (2.6) 

If a and P are roots and a + P ^ 0, then 

Xa{a)xi3{b)Xaiay^Xf3{by^ =UXia+jf3iCija''l>>), (2.7) 
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where the product is over all the roots ia + j(3, i > 0,j > and the 
coefficients Cij £ Z are given in terms of the Chevalley basis of 3. If a + /3 
is not a root, then the right hand side is 1. See [6] for the precise meaning 
of the right hand side. For a £ F{{t))* , we set 

Wa{o,) = Xa{a)X-a{ — a~^)Xa{a) 

and 

ha{a) = Wa{a)wa{l)~^; 

then 

ha{ai)ha{a2) = ha{aia2). (2.8) 

When G = SL2, there are two roots a and —a, the relations ()2.7p above is 
replaced by 

Wa{a)xa{b)wa{—a) = a~^6). (2.9) 

Let Sp27v((-^((*))) denote the Steinberg group defined by the symbol (j2.5p . 
It is generated by root vectors Xa{a) {a £ Ao,a € F{(t))) and C* with 
relations (g^D and 

he{a)he{b)he{ab)-^ = {a,b), (2.10) 

where {a,b) is the symbol in (j2.5p . and 9 is the longest root of Sp2^, and 
C* is in the center. 

In the case of SL2, SL2{F{{t))) is generated by (a), x_a (a) and C* with 
relations ([22]), <^M, (pTTOll . and C* is in the center. We cah Sp27v((F((t))) 
the metaplectic loop group of Sp27v((-^((0))- The group Sp2^((F((t))) is a 
central extension of Sp2Ar((-F((t))): 

1 ^ C* ^ Sp2^(F((t))) - Sp,^{F{m ^ 1. 

We denote the image of g £ Sp2jv((-^((*))) in Sp2jv((-^((^))) by g. Since the 
symbol ([23]) is trivial on the subgroup F* x F^ c F{{t))* x F((t))*, the 
elements Xa{a) (a G F) generate a subgroup of Sp2Ar((-F((t))) isomorphic to 
SP2Af(-^)' so we will regard Sp2jv(-^) as a subgroup of Sp2jv((-^((0))- 

To describe the action vr : Sp2Ar((F((t))) ^ GL(5(X_)), it is sufficient 
to describe the action of the generators Xa{a) and of c E C*. If a € -^[[i]], 
then g = Xa{a) £ Sp2N{F[[t]]), Ini7g = {0}, 7r(a;Q,(a)) is Tg in ()2.3p with the 
Haar measure on Im'jg as the counting measure, i.e., the volume of {0} is 1. 
For general a £ F{{t)), we can find a diagonal element of type 

t'' = diagi&,...,t''^,t-''\...,t-''^) 
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such that t''xaia)it'')-^ = Xa{t^'^'^^a) £ Sp2Ar(F[[t]]); then we set 

7r{x^{a)) = (r,0~'vr(x«(t("''=)a))r,.. (2.11) 

Note that T^k is as in (j2.3p and the conjugation above is independent of the 
choice of the Haar measure for Im'jf-k ■ And c E C* acts as scalar multiphca- 
tion by c. 

Lemma 2.2 The representation o/ Sp2jv(-F((t))) onS{X-) is faithful, i.e., 
IT : Sp27v(-f'((0)) GL(5(X_)) is infective. 

Proof. By Theorem 12.11 we have, for g G Sp2N{{F{{t))) and h £ H, 

7T{g)-'h7Tig)=h-g. (2.12) 

If vr(g) = 1, then h ■ g = h for all h £ H , so g = 1. This means g G C*, so 
5 = 1. □ 

When we need to indicate the dependence of the Weil representation it 
on the additive character ip, we write tt as vr^. If ■0' is related to ip by the 
relation ^p'{x) = tp{b'^x), then we have 

Lemma 2.3 The map f{x) i— > f{bx) is an isomorphism from Weil repre- 
sentation Vr^ to TT^pi . 

Proof. We denote the map f{x) ^ f{hx) by <I>. It is direct to check that 

(a))$ = $7r^(a;„(a)) (2.13) 
for a G F[[t]]. We then check (fmi) holds for a G F((t)) using (piTT) . □. 

The reprametrization group of F{{t)) is by definition 

oo 

AutF((t)) = aif G F[[t\]t I ai / 0}, 

i=l 

with the group operation (cJi *(T2)(t) = o"2((Ti(t)). It acts on F{{t)) from the 
right by 

a{t) ■ a(t) = a{a'^{t)). 
And it acts on the space F{{t))dt of formal 1-forms (from the right) by 

a{t)dt ■ a = a{(j'^{t))(j'^{t)'dt. 
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We view the first n components in X = F{{t))'^^ as elements in F({t)) and 
the last n components as elements in F{{t))dt (without writing dt), then 
AutF((t)) acts on by 

{ai{t), . . . ,an{t),an+i{t), . . . ,a2n{t)) ■ o- 
= {ai{a-\t)), an{a-\t)), an+iia~\t))a-\ty , ...). 

Since the residue of an 1-form is independent of the local parameter, the 
action preserves the symplectic form. We have an embedding AutF{{t)) C 
Sp(F((t))2^). And when we write a £ AutF((t)) as in (j2.ip . it is clear that 
7 = 0, so we may view AutF((t)) as a subgroup of Sp{F{{t))'^^ , X^). Using 
([O]) . a acts on by 

(7r(cr)/)(a;) = 'ip{^{xa,xl3))f{xa). 
It is easy to check that 

7r(cri)7r(o-2) = 7r((Ti * a2). 

The multiplicative group F* is a subgroup of AutF((t)) by the embedding 
c I— > ct, the action of F* on is given by 

(C • f){xi{t), Xnit),Xn+l{t), X2„(t)) (2.14) 
= f{xi{c~^t), . . . ,X„{c~^t),C^^Xn+l{c'^t), . . . ,C~'^X2n{c~^t)). 

The group AutF((t)) also acts on Sp2jv(-^((i))) as automorphisms in the 
following way: for a{t) G AutF((i)), g G Sp27v((-^((0))5 write 




according to the decomposition F((t)) = F((t)) © F{{t)) , where as 
above, the entries in the first component are functions and the entries of the 
second component are 1-forms, so the blocks a and d are x A^-matrices with 
entries as functions, the block 6 is an A^ x A^-matrix with entries as 1-forms, 
and the block c is an A^ x A^-matrix with entries as vector fields; a{t) changes 
an entry k{t) in block a or d to k{a{t)), changes an entry k(t) in block b to 
k{a{t))a{ty , and changes an entry k{t) in block c to k{a{t)){a{ty)~^ . This 
action is compatible with the action on H. Since the Aut-F((t))-action on 
F{{t)) preserves the symbol in 12.51 the AutF((t))-action on Sp2N {{F {(t))) 
lifts to an action on Sp2jv(-^((i))) therefore an action of AutF((t)) on 
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the semi-direct product Sp2jv(-f'((i))) xi H. And S{X-.) is a representation 
of the semi-direct product group AutF((t)) xi (Sp2jv(-^((i))) xi H). 

2.2. Bruhat and Iwasawa decompositions . 

Let B be the subgroup of Sp2j\f{F{{t))) which consists of elements g 
such that g G Sp2jv(-P[M]) and ^modt is in Bq. We call B a Borel subgroup 

of Sp2jv(^((^)))- It is clear the center C* C B. Let N be the subgroup 
generated by Waia.) with a G Aq and a G F{{t))* . Then (B, N) is a BN-pair 
for Sp2Ar(-F((i))) with the affine Weyl group W as the Weyl group. This 
can be proved using the pull-back of the standard BN-pair for Sp27v(-P((i))) 
under the map Sp27v(^((0)) ~^ Sp2jv(-^((0))- Recall that W is the semi- 
direct product of the Weyl group W and the coroot lattice Q"^ of Sp2jv We 
have the Bruhat decomposition for Sp2jv(-^((^))): 

SP2iv(^((i))) = ^wBwB, 

where w runs through all elements in W. 

We wish to define a "maximal compact subgroup" K for Sp2jv(-^((i)))- 
If F is a p-adic field with ring of integers O, we let K be the subgroup 

generated by Xa{a) with a £ Aq and a G 0{{t)). 

For each affine real root n5 + a (n G Z, a G Aq), we call the group 
defined by 

{xa{ct'')\ceF} 

the root group for n6 + a. In particular, for ao = S — 9, the extra simple 
root of affine Sp2iV) we have the root groups 

{x_e{ct) \ceF}, {x0{ct-^) \ceF} 

for ao and — ao- We write L^{c) = X-Q{ct) and L-{c) = X0{ct~^), and put 
for b e F*, 

w{b) = L+{b)L_{-b-^)L+{b), h(h) = w(h)w{l)-^ . 

A direct calculation using the generating relations of ^V2n{^{{^))) gives the 
following: 

L±(ci)L±(ci) = L±(ci + C2), 
w{b)L+{c)w{-b) = L_{-b-^c), 

7(^1, V') 7(^2, V') 7(1, V') 



h{bl)h{b2)h{blb2)-^ 



7(1, V') 7(1, V') l{h\b2-,ip)' 
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Notice that the right hand side of the last identity is the Hilbert symbol for 
bi and 62 (see [7] page 176) . So the subgroup Ga^ generated by x^Q^ct) and 
X0{ct) (c E F) is a central extension of SL2(-F) under the map 

When F = C, this map is an isomorphism; and when F 7^ C, the kernel is 
{±1}, and Gao is a two-fold cover of SL2(-F) given by the Hilbert symbol of 
F, which is called the metaplectic group for SL2{F). We let Ka^ denote the 
standard, maximal compact subgroup of Gao- example, if F = C, Kag 
is SU2- For each simple root Ui { i = 1, . . . , N) we let Ka^ be the standard 
maximal compact subgroup for the SL2{Fy) associated to a^. 

For F = R or C, we first let JCfin = S02Ar n Sp2Ar(M) or Kf,^ = SU2Ar n 
Sp27v(C) according to whether F = R or C. Let K be the subgroup gener- 
ated by Kfin and K^q- So we have chosen a "maximal compact subgroup" 
K of Sp27v(-^((0)) fo'^ each local field F of characteristic 0. 

For a p-adic field F, let K' be the subgroup generated by K^^ = Sp2Ar(C') 
and -ftTo-o' easy to prove that K' d K. 

By use of the BN-pairs mentioned above and the method as in [6], we 
can prove the Iwasawa decomposition 

Sp2iv(i^((i))) = BK. (2.15) 
For a p-adic field F, we also have 

^V2N{F{m=BK'. (2.16) 

Lemma 2.4 There is a splitting homomorphism S'p27v(^[[i]]) ^ Sp2N{F{[t))). 

Proof. Consider the Weil representation of Sp2^(F((t))). For each g £ 
SP2Af (-^[M])) have Ira'jg = {0}, we taking the counting measure in the 
formula (|2.3p for Tg, then it is easy to see that Tg^Tg^ = Tg^g^ for gi,g2 G 
Sp2jv(-^[M])- The map g ^ Tg defines the desired splitting Sp2N{F^t\\) 

sp2N{F{m- □ 

With this lemma, we shall regard Sp2N{F[[t]]) as a subgroup of Sp2N{F{{t))). 
Also it is clear that B is a subgroup of C* Sp2N{F[[t]]). 

Lemma 2.5 IfF = R orC, there is a non-zero element 4>q € S{t~^F[t^'^]^^) 
fixed by K up to a scalar. 
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Proof. If F = R, by Lemma 12.31 we may assume that ip{x) = g^^'^*^. 
The result then follows from [9], Section 4, where (j)Q = exp(TTi{x, xO,)) for 
Q = il (see, Section 4, [9] for the definition of /). If = C, we may assume 
that iIj{z) = e2^^(*''^) = e^^*^'"^^). We view Sp2^(C((t))) as a subgroup of 
Sp4^(M((t))) under then identification C = M^, z = x + iy ^-^ ix,y) G M?. 
We may view Sp2^(C((t))) as a subgroup of 5*^4^ (M((t))). Then the "max- 
imal compact subgroup" of Sp27v(C((t))) is a subgroup of the maximal sub- 
group of Sp4^(M((t))). The Weil representation for Sp4^(R((t))) restricts 
to the Weil representation of Sp2jv(C((i))). The function (j)Q is fixed by the 
"maximal compact" subgroup of Sp27v(C((t))) up to a scalar. □ 

We expect that </>o in the Lemma is actually fixed by K. 



Lemma 2.6 If F is a non- Archimedean local field with residual character- 
istic not equal to 2 and ring of integers O, and if the conductor of ip is O, 
i.e., 

O = {x G = 1, for ah 6 eO}. 

Then the characteristic function cj)Q of t^^O\t^^]'^^ is fixed by K. 

Proof. It is enough to check Xa{a) for a £ fixes 0o. If a G it is 

easy to check Xa{a) fixes 0o- For a G ©((i)), we use formula ()2.11|) . Since 
T-i-k is a partial Fourier transform, it fixes 4>q, and 7r(x„ a)) fixes (pQ as 
e oWt]], so x„(a) fixes (t)o. □ 

We shall fix (j)Q G as described in Lemma 12.51 and Lemma 

12. 6i Lemma 12.61 implies 

Lemma 2.7 If F is a non- Archimedean local field with residual character- 
istic not equal to 2 and the conductor of Tp is O, the map Sp27v(-^((i))) ~^ 
Sp27v(-f'((^))) maps K to Sp2Ar(C'((t))) isomorphically. 

Proof. It is clear that the map is surjective onto Sp2NiO{{t))). Since 
the kernel is in C* H IT, and K fixes (po, we must have C* n -ftT = 1. □. 

2.3. Adelic groups and representations. In this section, we assume 
i*" is a number field. By Section 2.1, we have, for each place v F, a 
representation of the semi-direct product Aut(F„((t))) xi Sp2Ar(-Ft,((t))) on 
the space S{X^,^), where = t"'^ F^lt''^]'^^ . In this section we define the 
adelic metaplectic loop group for Sp2^ and define its Weil representation. 
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Let A denote the ring of adeles of F, and = Htpy be a non-trivial 
character of A/F. For a non-Archimedean place v, 0„ denotes the ring of 
integers. We let 

A{t) = {(a„) G n„F^((i)) I a„ G C„((t)) for almost allv}, 

A{t)+ = A{t)nA[[t]], 
A(t)_ = {{ay) G Uyt'^Fy[r^] I a„ G for almost all?;}. 

It is clear that 

A{t) = A{t)+ ® A{t)-, t-^A[t-^] c A(t)_. 

And we let 

F{t)=A{t)nF{{t)). 
An element a G F{{t)) is in iff for almost all finite places v , a G 

Lemma 2.8 F{t) is suh field ofF{{t)). 

Proof. It is enough to prove that if a = "^^^ikif G F{t) — {0}, then 
G F{t). Let S be the set of finite places v such that a ^ We 

may assume ki ^ 0. Let S' be the finite set of finite places v such that a; 

is not a unit of Ov It is clear that both S and S' are finite sets. Then 
G C>„((t)) for t; ^ □ 

The adelic loop group for Sp2jv without central extension is defined 
as Sp2Ar(A(t)). It is clear that Sp2jv(A(i)) is the restricted product of 
Sp27v(^t>((^))) with respect to "maximal compact" subgroups Sp27v(Ct>((i)))- 
The adelic metaplectic loop group Sp2jv(A(t)) is defined as the restricted 
product n'^Sp2jv(-^?; ((*))) with respect to "maximal compact" subgroups 
defined in Section 2.2. Clearly we have the exact sequence 

1 ^ ®„e ^ Sip2^(A(t)) ^ Sp2^(A(t)) ^ 1. (2.17) 

We can also define the adelic group for AutF((t)). For Fy = R, we define 
the maximal "compact" subgroup of Aut(IR((t))) as {—t,t}. If Fy = C, we 
define the maximal "compact" subgroup of Aut(C((t))) as {ct | |c| = 1}. IfFj, 
is a non-Archmedean local field, we define the maximal "compact" subgroup 
of Aut(Ft,((t))) as the subgroup consisting of elements X^^i Qt* with ci G 
O* and Ci G Oy for all i > 2. It is easy to check that the above maximal 
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"compact" subgroups of Ant{Fy{{t))) preserves Ky of Sp2]\[{Fy{{t))) defined 
in Section 2.2. The adele group for AutF((t)) is 

AutA(t) = n;Aut(F„((t))), 

where the restricted product is with respect to the "compact" subgroup of 
Aut(F^((i))) defined as above. It is clear that AutA(t) acts on Sp2N{A{t)), 
so we have semi-direct product AutA(t) x 5p2Ar(A(t)). 

For each place v, as in Section 2.1, we have the Weil representation 
5(A:_,„) = 5(t-iF^[t-i]2^) of Sp2^(F„((t))). Since for almost all places v, 
there is (py^ (Lemma 12. 6p fixed by the local "maximal compact" group Ky, 
the restricted tensor product C>^'S{{Fy[t~^]t~^y'^) with respect to {(pvfi} 
is a representation of /S'p2Ar(A(t)). We call this representation the adelic 
Weil representation. And note that for almost all places v, the maximal 
compact subgroup of AutFy{{t)) fixes (pvfi, so AutA(t) xi Sp2N{A{t)) acts 
on ^'S{{Fy[t-^]t-^)^^), it is clear that (g)'S{{Fy[t-'^]t-'^f^) can be regarded 
as a function space on {A[t~^]t~^y^ . 

Lemma 2.9 There is a splitting homomorphism Sp2N{F{t)) Sp2N{A{t)) 

Proof. Since F{t) is a field, Sp2jv(-^(^)) is isomorphic to the group generated 
by the root subgroups yo(a) (a S Aq , a G F{t)) with the standard relations 
(EZI) and (USD ( Jg^ if N = 1). On the other hand, for a G Ao,a G 
F{t), we have Xa{a) £ Sp27v(A(t)). Because of the product formula n^,|c|„ = 
1 and because of the product formula for the Weil index 11^,7(0, tpy) = 1 when 
c G F*, so we have, for /i, /2 G F{t), the product formula 

n.(/i,/2). = i, 

where {fi, f2)v denotes the symbol (12. 5p for Fy{{t)). So Xa{a) (a G F{t)) 
satisfies the standard relations ([M]) (EZ]) and ( (^^d^if N = 1) . There- 
fore 

ya{a) ^ Xaia) 

is the desired splitting. □ 

From now on, we regard Sp2N{F{t)) as a subgroup of Sp2jv(A(t)) when- 
ever convenient. 

We also have the Iwasawa decomposition for adelic groups 

Sp2N{Mt)) = BaKa, (2.18) 

where Ba is the restricted product of groups By with respect to By n Ky 
and Ka = HyKy. 
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3 Theta Functional 



We continue to assume F is a number field. In this section, we first in- 
troduce a certain function space £{t~^A[t~^'^'^) on t~^A[t~^]'^'^ that is 
closed under the action of the adelic metapletic group Sp2Ar(A(t)). For 
T £ Aut(A(t)) satisfying certain conditions, we construct theta functional 
9 : T£{t~^A[t~^]'^'^) — > C that is invariant under the action of Sp27v(-^(^))- 
The definition of functional 9 is similar to the classical case: 

o{f) = E /w- 

It is easy to see that the above summation is not convergent for arbitrary / S 
®'S{{Fv[t~^]t~^)^^). Our main result (Theorem I3.3P is that 9{f) converges 

for / e rf(t-iA[t-i]2^). 

For a finite place v, a subgroup of the Heisenberg group = F^, ((t))^^ x 
Fy is called a congruence subgroup if it contains 7r^C't,((t))^^ for some pos- 
itive integer k, where -Ky G is a local prime. 

Lemma 3.1 If v is a finite place, suppose cj) S S{t~^Fy\t~^]^^) is fixed 
by 7r^C'^((t))^^. Then cj) is invariant under the translation by elements in 
vr^t-^O^Ir^j^^ and is supported in 7r^''"'t"^C'^[r ^J^^, where n-^Oy is the 
conductor of ipy, 

Proof. Since elements in t^'^Oylt'^]^^ act on S {t''^ Fy[t~^]^^ ) by transla- 
tions (see ([22])), 4> is fixed by TT^t-^Oy[t-^f^ means precisely the first claim. 
For the second claim, since is fixed by every v* G 7r^'C'i,[[t]]^^, we have 

ct>{x) = M{xym{x) (3.1) 

for every v* G T:^,Oy[[t\f^ . If x ^ vf-'^-'r ^^[r i]^^, we can find v* G 
-K^OyWt]]^^ such that V«((a;,u*)) 7^ 1, then ([ST]) implies (/)(x) =0. □ 

A function (j)y G S{t~^Fy[t^^Y^) is called an elementary function if c/)^ 
is bounded and fixed by some congruence subgroup of Hy. It is clear that 
the function (pQ^y in Lemma 12.61 is an elementary function. 

Lemma 3.2 If v is a finite place, the space of elementary functions in 
S{t~^ Fy[t'^^]'^^) is closed under the action of Ky. 



14 



Proof. Suppose (j)y is an elementary function, so (p^ is bounded and fixed by 
7r^Oi,((t))^^ for some positive integer k. We first note that tlie Sp2N{Ov{{t)))- 
action on fixes 7r^O„((t))2^. For g e Ky and h e 7r'^Oy{{t)f^ , we have 
g £ Sp2NiOv{{t))), and using the identity (j2.12p . we have 

h7r{g)(py = TT{g)7r{gy^h7r{g)(py = TT{g){h ■ g)v = TT{g)(t)y. 

This proves ■K{g)(j)v is fixed by TTyOv{{t))'^^ . It remains to prove 7r{g)(f>v is 
bounded. Since 4>y and ■K{g)(t)v are fixed by 7r^C't,[[t]], by Lemma [3?H and 
'K{g)(t)v are supported in 7r~'^~'t~^C'„[t~^]^^ (where / is as in Lemma [3TT]l . 
Note that Tr{g)(j3v = cTgcj)^ for some choice of Haar measure on Im7g and some 
scalar c. Using the formula (|2.3p for Tg, we have, for x € Tr~^~H~^Ov[t~^]'^^ , 



\T:{g)(t){x)\ <\c\ I \(t)^{xag + x*-ig)\d{x*-ig). 

Jlm-jg 

Since (f>y is supported in 7r-''-h-'^Oy[t-^]'^^ and xag G 7r-'=-'r^C'„[t-^]2^, 
the right hand side is bounded by |c|Vol(Im7gn7r~'^~'t~^Ot,[t~-'^]^^)M, where 
M is any upper bound of |</>(x)|. This proves ■K{g)(j)v is bounded. □ 

Let 

£{t-'A[t-'f'') 

be the space of functions on A[t~^]^^ which are finite linear combinations 
of 7r(5()n(/)„, where g G Sp27v(A(t)), (pv = 4'o,v for all infinite places v and 
almost all finite places v, and every remaining cp^ is an elementary function. 
It is clear that £ {t'^ A[t-^]^^ ) is a subrepresentation of ^' S {t''^ Fy[t-'^]^^ ) 
in Section 2.3. 

We introduce a semi-subgroup of AutA(t) by 

AutA(t)>i 

oo 

= {(^Ci,i;i*) G AutA(t) I \ci^v\ > 1 for all t;, ^„|cl,„|^, > 1} 
1=1 

Since AutA(t) normalizes Sp2^(A(t)), for any given T £ AutA(t)>i, T ■ 
£{t~^A[t~^'^^) is a representation of Sp2Ar(A(t)). 

We now define, for a given T G AutA(t)>i, a functional 

and prove that it is invariant under the arithmetic subgroup Sp2i\i{F{t)). 
The theta functional is defined as 

0{T-f)= iT.f){k). 
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Theorem 3.3 IfTe AutA(t)>i and f G T£{t-^A[t-^]^^), then e{f) con- 
verges absolutely . 

This theorem is the adehc version of the Theorem 4.9 in [9], we sketch 
its proof. First we need some lemmas analogous to Lemma 4.7 and 4.8 in 

Lemma 3.4 Let S he a finite set of places of F that contains all the infinite 
places. If f G 5(n^gs-F„) is bipositive (i.e. f and its Fourier transform Ff 
satisfy / > and Ff > 0). Suppose L C H^^sF^v is a lattice (i.e. L is a 
discrete subgroup with compact quotient ofli^^sPv), then for allv G Ily^sF'v, 

Y.f{n + v)<Y,f{n). 

Proof. Apply the Poisson summation formula, we have 
Y^f{n + v)= Y,tlj{{v,n))Ff{n), 

neL neL' 

where L' denotes the dual lattice of L. So 

J2f{n + v)<J2 m{v,n))Ffin)\ = ^ Ff{n) = J2f{n). 

n£L neL' neL' neL 

□ 

A multi-dimensional generalization of the lemma is 

Lemma 3.5 Let S be as in Lemma // fi £ S(Ilv^sFv) (i = I, . . . ,m 
are bi-positive functions, and f = H^^/j be regarded as a function on 
5(n^g5-F^) in the obvious way. If for each v £ S is an m x m up- 
per triangular unipotent matrix acting on F^ , let N = 11^ A^^ he the product 
of the Ny acting on XI^g^F^ and let 0$ be the ring of S -integers that is 
embedded in li^^sFv diagonally, so L = is a lattice in Uy^sF^P'- Then 
for any c £ F, 

necL necL 

The proof of this lemma is similar to that of Lemma 4.8 in [S] , it uses Lemma 
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Proof of Theoreni lS.Sl For simplicity, we assume T = {T^} with = 1 for 
all finite places v. For each infinite place v, can be factorized as a product 
Ty = T^^dTv,u = (Qvt) o (t + X]j=2'^*^*)' assume > 1. We may 

assume / = 11/^ such that = (p^^ for almost all finite places v. Let S be 
a finite set of places containing all infinite v and all finite v with fy ^ (pv,o- 
Then 

m= E (r-n.e5/.)(A:). 

For each v G S, fy = gy(j)y for g(„ G '^P2N{^vi{t))) and 0^, elementary for 
a finite place u and (py = (py^o for an infinite place v. By the Iwasawa 
decomposition (j2.15p . we write gy — byky for ky G Ky, by G By, and we 
further write by = UyUy, where Uy is in the pro-unipotent radical of By and 
Qy is in the Cartan subgroup. By Lemma [3121 for a finite place v, kyfy is 
again elementary, and it is easy to see that Uykyfy is elementary. So we may 
assume fy — Uy(f)y for some elementary function (py. Since (py is elementary, 
(py is bounded by a constant multiple Cy of the characteristic function cpi'y of 
■ny'"t~^Oy[t~^]'^^ for some integer ky. Then 

(X)| < Cy\Uy(p'y{x)\. 

So we may further assume that (py is the characteristic function of TTy^t~'^Oy\t'' 
For an infinite place v, fy = TyQyCpyfi. We write gy = UyUyky, so 

fv Tyf]Ty.iiUy(ly(py^Q Ty y^Ty ^flUy 0,y<Py , 

where „ = Ty^iiT^ u^yd- ^° need to prove the convergence of 

X] n„e5^ I r^^„ • Uy) {qyt)ay(pyfl){k)\lly(ZSf,^\Uy(py{k)\. 

(3.2) 

We first consider the sum over the finite dimensional subset Os\t 
of C'5[t~^]^^t~^ consisting of polynomials of degree less or equal to d. Since 
{qyt) QyCpyfi {v G 5*00) is a Gaussian function, its restriction on every finite 
dimensional subspace of t~^Fy[t~^Y^ is bipositive; and it is also easy to see 
that the restriction of (py {v G S'fin) on every finite dimensional subspace 
of t~^Fy[t^^Y^ is bipositive. And the operators Ty^y{{qyt) ■ Uy) {v G 5*00) 
and and Uy [v G Sgn) have unipotent matices under the standard monomial 
basis oi Fy[t-^f/ 1-^ . Therefore we may apply Lemma 13.51 to prove that 

^VdS^ \ Ty^u{{qvt) ■ Uy) {qyt) ay(pyfl){k)\liy(,Sfl^\Uy(Py{k)\ 

fcet-iOs[t-Mr 
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is bounded above by 

J2 n„e5oo \{Qvt)a^(l)v,o){k)\Ui,(,Sfin\4'v{k)\. 

Letting d — > oo, we see that 

(1321) < Yl U^es^{{q^t)a^(l)^,o){k), 

where M is an integer (with prime divisors only in S, above) depending only 
on 'S'vGSfin'Pv ^ is the ring of integers in F . Using the fact that > 1 
for all V S Soo, we can prove the right hand side is convergent. □ 

We expect that if T = (X^i^i '^i,vt^) ^ AutA(t) in Theorem 13.31 satisfying 
the weaker condition nt,|ci ,;| > 1, then Theorem 13.31 still holds. 

Theorem 3.6 If g £ Sp2/vr(-F(t)), then 9{gf) = 0{f) for f as in Theorem 

Proof. Recall that Sp2iv(-^(^)) is generated by root vectors Xa{a) for a £ Aq 
and a £ F{t). If a G -^[[i]], it is clear that 6 is invariant under Xa{a). The 
general iT{xa{a)) can be written as TtmTT{xa{b))T^ (see ()2.1ip ) for some 
b £ F[[t]]- Since T^m acts as partial Fourier transform, it preserves 9 by 
Poisson summation formula. Therefore 7r(xa(a)) preserves 6. □ 

By Theorem 12. H we know that for g £ Sp2/vr(A(t)), and f £ T ■ 
<S(t~^ A[t~^]^^), Tr{g)f is a scalar multiple of Tgf, where Tg is given by 
(j2.3p . Using the theta functional, we can determine this scalar in the case 
g£Sp,AF{t)). 

Proposition 3.7 For g £ Sp2jv(-^(i))) / o,s above, then ir{g) is equal to Tg 
given by 

{Tgf){x) = [ Sg{x + x*)f{xa + x*7)d(x*7) 

JIm7g(A) 

where 

Sg{x + X*) = V Q(a;a, x(3) + ^(a;*7> x*5) + (x*7, ; 

with the Haar measure given by the condition that the covolume o/Im7g(F) 
znIm7g(A) is 1 (In particular iflrajg = {0}, Im7g(A) is a point, its volume 
is taken as 1) . 



18 



Proof. By Theorem 13. 6| iT{g) preserves the theta functional, and we also 
known that 7r{g) = CgTg for some scalar Cg. To prove ■7T{g) = Tg, it is 
sufficient to prove Tg also preserves the theta functional. To prove this, we 
use the Bruhat decomposition of 

Sp2N{F{t)) = U^Sp2N{F{t) + )wSp2N{F{t) + ), 

where F{t)-^- = F{t) H A{t)-^-, and w runs through all diagonal matrices 
t"^. It is easy to verify that Tg for g G Sp2N{F{t)-^-) preserves the theta 
functional, and T^m is a partial Fourier transform, so it also preserves the 
theta functional. To prove Tg preserves the theta functional, we write g = 
giwg2 according to the Bruhat decomposition. Using Lemma 2.5 [9], we 
have Tg = Tg-^T^Tg^. This proves the proposition. 



4 Eisenstein Series for Loop Metaplectic Groups 

We assume i*" is a number field. Let be the standard symplectic space 
and V be an m-dimensional -F-space with a non-degenerate symmetric, ani- 
isotropic, bilinear form {, ) : V xV ^ F . Then F^" y is an F-symplectic 
space with the symplectic form 

{vi ®mi,V2 ®m2) = {vi,V2){mi,m2)- 

Let ei, . . . ,e2n be the standard basis for F^", we have {ei,ei-\-n) = 1 for 
i = 1, . . . ,n and all other symplectic pairings are 0. Let fi be a basis of 
V, and fl be the dual basis of V, i.e. {fi, fj) = Sij. Then the (8) fj 
{1 < i < n,l < j < m) and the e„+j /j {1 < i < n,l < j < m) together 
form a symplectic basis of F^" V. We fix this choice of symplectic basis, 
and therefore identify the symplectic space V with the standard one 

i?2Af ^jy _ "Yye shall define Eisenstein series for Sp2„(A(t)) for a 

function in (iS)'S(t~^F^[t^^]'^^) satisfying certain conditions. We then prove 
the convergence of these Eisenstein series reduces to the convergence of 
Eisenstein series for a certain height function on Sp2„(A(t)) (Lemma 4.4). 
We have an embedding 

Sp2n X G C Sp27v, 

where G denotes the orthogonal group of V, and an embedding 
Sp2n(.F(,m X G{F{m c Sp2^(F((t))). 
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For a place ?; of F, we have the Weil representation of Sp2N{Fy{{t))) on 
S{F^'^ V.u[t^'^]t^'^) as in Section 2.1. The embedding Sp2„ — > Sp27v gives a 
homomorphism '&V2n{Fv{{t))) ^V2N{Fv{{t)))-, under which an element c in 
the center C* C Sp2n(^f ((*)))> goes to c"^ in the center C* of Sp2Ar(-F;((t))). 
For almost all v, the "maximal compact" subgroup Ky of Sp2„(-Fi,((t))) 
maps into the "maximal compact" subgroup of '&V2N{Fv{{t))). Therefore 
we have a morphism Sp2„(A(t)) — > Sp2jv(A(t)). By Lemma \2A\ we may 
view C G{F.u{{t))) as a subgroup of Sp2^(Ft;((t))), so we may 

view G(A(t)+) as a subgroup of Sp2jv(A(t)). 

Lemma 4.1 T/ie actions of Sp2n{Fy{{t))) and G{Fy^\\) commute . 
This result is proved directly using (j2.3p . 

For each </> = n</>„ G ^ A[i"^]2^), and T G AutA(t)>i, we consider 
the function $ on rSp2„(A(t)) by 

^Tg) = {Tg<t>m. (4.1) 

Note that Sp2„(A(t)) is normalized by T, the set TSp2„(A(t)) is stable 
under both left and right multiplication by Sp2„(A(t)). And it is clear that 
^{hTg) = ^{Tg) for h G Sp2„(A(t)_(_). We define the Eisenstein series 

E{(t>,Tg)= Yl (4-2) 

^'■eSp2„(F(t> + )\Sp2„(F(t» 

Although our results can be proved for more general T, for simplicity of 
exposition, we make the following assumption on T: 

Assumption 4.1. T = (T^) G AutA(t) satisfies the following conditions: 
each p-adic component is the identity element of the group AutF^((t)), 
and each infinite component Ty is Qyt with qy G Fy such that > 1. 

The main result of this section is a comparison lemma (Lemma 4.4) 
about the Eisenstein series (j4.2p with the Eisenstein series defined by a 
certain height function. For T as in Assumption 4.1, we define for each 
place V, the local height function hy : Tt,Sp2„(-F^((i))) C* as follows, 
for gy G Sp2„(-Ft,((t))), we write gy = cbk for k G Ky, b G Sp2niFy[[t]]), 
c G C*, we define hy{Tygy) = |c|. We define for g = Hgy G Sp2„(A(t)), 
h{Tg) = Uyhy{Tygy). 
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Both $ and are left invariant under Sp2n{A-{t) +) , and they are equal 
on the center ©„C*. To compare them, it is enough to compare their re- 
strictions on UKrij. In the classical case, since 11^,7^^, is compact, we have 
^{9) ^ Ch{g)"^ for some scalar C, so the convergence of the Eisenstein se- 
ries associated to $ reduces to the Eisenstein series associated to h"^, where 
the Godement criterion can be applied. In our case, the argument that uses 
the compactness of HK^ doesn't apply, we need to assume more conditions 
on (p to prove the comparison inequality involving $ and h"^. 

To give our conditions on (p, we use the action of the local Heisenberg 
groupF^((t))2^xF^ on S{t'^F^[t~^^^) (Section 2.1). Assume the local ad- 
ditive character ^py that is used to define the representation of the Heisenberg 
group has conductor tTv'^'^Ov (i.e. ipviK^^v) = 1 and iI)v{t^v'"~^Ov) / 1). 
If 2k > riy, then action of any two a,h ^ 7:^Ov{{t))^^ commutes. If 

G S{t'^F^[t~^]'^'^) is fixed by 7r^,0.,{{t)f'^ for some k > n^/2, then 
in particular is fixed by 7r^t~^Oy[t~^]'^'^ , so (py is constant on each coset 
of mod 7r^i-iO^[i-i]2^. Since (p^ is also fixed by 7^^0^,[[t]f^ , 

then (pv is supported on f'~^7rj^'''~*^0„[i~^]^^. Therefore we may regard cpy as 
function on 

For any non-negative integer k with 2fe > n^, we let 

Sv,k = {/ e S{t-^F,[t-^]^'') I /is fixed by ^^((i))''^}- 
We denote the "maximal compact" subgroup of Sp2N{Pv{(t))) by K^^n. 

Lemma 4.2 5^ ^. is closed under the action of K^^n, o-nd therefore closed 
under the action of Ky . 

This lemma follows form the proof of Lemma 3.2. The proof uses the 
fact that K^^N normalizes 7r^'C'^,((t))^^. As we remarked earlier, a function 
/ £ 'Sv,k can be viewed as an element in 

the space of complex valued functions on t^^ (vr^^'^'^C'^/Tr^C'^) [t^^]"^^ . Let 
f ^ f denote the isomorphism from S^^k to C(t"^(7r""~''0^/7r^C't,)[t'^]^^). 
We define 

3v,k,c = {/ G 5„,jk I / has finite support.} 
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It is clear that the space Sv^k,c is isomorphic to 

Co (t-i«"-'=aMa)[t-T'^) , (4.3) 

the space of complex valued functions on t~-^(7r"''~'^C't,/7r^C't,)[t~^]^^ with 
finite support. 

We introduce an inner product on Sy^j^^^c. For f2 G Sv,k,c-) 

(.fij2) = Y.fi{x)W), (4.4) 

X 

where the sum is over x G t~^{TT^''~''Ov/TT^Ov)[t~^]'^^ , since /i and /2 have 
finite support, (j4.4p is a finite sum. 

Lemma 4.3 Sy^k,c is closed under the action of K^^n^ and K^, and the ac- 
tions of Ky^N and are unitary. 

Lets give a conceptual explanation of this lemma. We first use the 
additive character ip^ to define a bi-character of the finite abelian group 
^nv-kQ^l^kQ^ as follows. For any its elements a, 6, let a,6 G vr^''"'^©^ be 
liftings. Since has conductor Tr^^Ot,, V't^(a6) depends only on a, 6, not 
on the choice of their liftings. We denote this bi-character by tp{ab). Using 
this bi-character and the symplectic structure on 7r""C'^((t))^^, we have a 
non-degenerate skew symmetric bi-character which we denoted by '<p{f,g) 
on the locally compact abelian group 

W"-^aMa)((t))''^. 

(the topology is the t-adic topology). The subgroups (7r""~'^C't,/7r^C't,)[[t]]^^ 
(which is compact) and t~^(7r""~'^C'„/7r^C'„)[i~^]^^ (which is discrete) are 
complementary maximal isotropic subgroups. We have the associated Heisen- 
berg group 

H = (^"-'^aMa)!^]''^ X t-i«"-'=aMa)r']''^ x (4.5) 

with the group law given by the relations 

fg = i'{f,9)gf 

for / G <--^a/vr^a)[W]2^ and g G t~\TT'^-~^0^/TT^O„)[t~^]^^ . Clearly 
5p2Af (Cf ((i))) acts on H as automorphisms, and the action factors through 
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Sp2N {{Ov / tt'^ Ov){{t))) . Note also that the group ^ is a locally compact 
topological group. By the Stone- Von Neumann Theorem, there is a unique 
(up to isomorphism) irreducible unitary representation of H with the central 
character S^,z^ z. The space L2(t-i(7rj;"-^'C)„/7r^C)^)[t-i]2^) is a 

model of this representation, where the elements in t~-^(7r""~''Ot,/7r^C'^)[t~^]2^ 
acts as translations and the elements in (7r""~*^C'„/7r^Ot,)[[t]]^^ acts as multi- 
plication by additive characters. The smooth vectors of this representation is 
precisely (|4.3p with the inner product given by ()4.4p . By the uniqueness, cer- 
tain central extension of SpsAr (©,;((*))) acts on L2(t-i(7r^"-*=C'j7r^C'J[t-i]2^) 
and therefore acts on (j4.3p . This representation is the one in Lemma 4.3. 

We can also prove Lemma 4.3 directly. We use the fact that i^^^Ar is gen- 
erated by Sp2^(C'^[[t]]) and Ka^, which is the maximal compact subgroup 
of the metaplectic group for SL2{Fy) associated to the extra simple root in 
the afhne root system (see Section 2.2). It is easy to verify that Sp2n{Ov) 
preserves Sy^k,c and is unitary. By a direct computation, we prove that Ka^ 
preserves Sy^k,c and is unitary. Similar proofs works for K^. 

Lemma 4.4 If (p = Iiv(t>v satisfies the conditions that (1) for each infinite 
place V, (pv is 4>v,o cls in Lemma 2.5 (2) for all hut finitely many finite places 
V, is as in Lemma 2.6, (3) each of the remaining components (p^ is in 
Sv,k,c for some k. Let <I> be as Then there is a constant C depending 

on (j) only, such that 

\^{Tg)\<C-h{Tgr 

for all g G Sp2„(A(t)). 

Proof. Since T normalizes Sp2„(A(t)+), and ^{hTg) = <^{Tg), h{bTg)"' = 
hiTg)"" for b £ Sp2„(A(t)+). And for c in the center C*, ^(cTg) = 
\c\"^^{Tg), h{cTg)"^ = \c\"^h{Tg)™' . It is enough to prove the inequality 
for g G n„i^„. By the conditions on (j), it is suffices to prove that for each 
exceptional place v in (3), the function — > C given by A; i-^ (A; • </>i.)(0) is 
bounded. It is proved using Lemma 4.3: 

\{k ■ (l)^){0)\^ < {k^^,k^^) = {^^Av). 

□ 

Lemma 14.41 implies that the Eisenstein series (14.20 is majorized by C 
times the Eisenstein series 

EUTg)= HrTgr, (4.6) 

r€Sp2n(Fm])\Sp2n{Fat))) 

the convergence of which is proved in the next section. 
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5 Convergence of Eisenstein Series 

In this section, we prove the convergence of Eisenstein series associated to 
the "Siegel parabohc" subgroup of the symplectic loop group defined using 
the inverse tame symbol. The convergence result implies the convergence of 
(j4.6p . We follow the method used in [1] [2] , where the convergence is proved 
for Eisenstein series induced from a Borel subgroup. 

Let -F be a number field and u be a place of F. Since the inverse tame 
symbol on Fy{{t)) satisfies the Steinberg relations, it gives a central extension 
of Sp2niFv{{t))), which we denote by Sp2„(F^,((t))): 

i^f:^ sp,^iF,m) - sp2„(F,((t))) ^ 1. 

The group Sp2„(-Ft,((t))) is generated by root vectors Xa{a) with relations 
dMI), (EZl), and (I230|) with the symbol replaced by C(a,6)-^. We can 
similarly define Borel subgroup and "maximal compact" subgroups Ky 
of Sp2„(-Fi,((t))) as in Section 2.2. The Iwasawa decomposition holds: 

Sp2n{Fv{m = ByKy, 

see [6]. Let Aut Fy{{t)) be the reprametrization group given in Section 2.2. It 
acts on Sp2„(-F^((t))) by changing the variable t, i.e., for a{t) £ AutF^((t)), 
g{t) G Sp2„(F,((t))), 

a{t)-g{t)=g{a{t)). (5.1) 

Since the changing variable action preserves the tame symbol, it has a com- 
patible action on Sp2n{Fv{{t))) given by 

a{t) ■ Xa{a{t)) = Xaia{cr{t))), 

and the center F* is fixed. We shall only consider the subgroup 

aiF:t) = {qt\qe F^ C AutF,((t)). 
We have the semi-direct product group 

Let Ty denote the subgroup generated by /iq.(c) (a G Aq, c € F*), and 
the center F* . Then T^, is a "maximal torus" of Sp2n{Fv{{t))), which is 
isomorphic to (F*)""^^ . Let IlySp2niFy{{t))) be the direct product. It has 
the center n„F* which contains the idele group A*. We denote 
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where is the restricted product relative the K„'s. Note that we have the 
exact sequence 

1 ^ A* ^ Sv,^{A{t)) ^ Sp2jA(t)) ^ 1, 

In particular F* C A* is in center of Sp2„(A(i)). We have an embedding 
Sp2n(^(*)) ^ ^2niMt))/F* given by 

The group a{A*t) = Il'^a{F*t) acts on Sp2iv(A(t)), the action being induced 
from the local actions. We have semi-direct product group Sp2jv(A(t)) xi 
a{A*t), and we set Ta = n'^T^, ^ A*"+^ 

We recall the affine Kac-Moody algebra q for a complex simple Lie alge- 
bra q: 

= (g) C[t, r^] + CK + Cd. 
The Lie bracket is given by 

[a r ), b r)] = [a, b] (E) + (a, b)6m+n,oK, 

[d, a (g) t"] =na® t", 

and K is in the center. The bilinear form (a, b) above is the normalized 
Killing form such that {9,9) = 2, where 9 is the coroot corresponding to the 
longest root 9. Let f) be a Cartan subalgebra of g, then 

i) = i) + CK + Cd 

is a Cartan subalgebra of g. We define its dual ()* by 

^* = {,* + C(5 + CL 

where the pairing of \) and {)* is given by 

(a -I- kiK + k2d, a' + ciS + C2-L) = (a, a') -|- kiC2 + k2Ci. 

Let Aq be the set of roots of g, the the set of roots of g is 

A = {a + n5 \ a e Ao, n e Z} U {n6 \ n e Z - {0}}. 

Let ai, . . . , a„ be simple roots for g; then ao = S — 9, ai, . . . , q;„ is a basis 
of simple roots for g. 
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We apply the above notations to the case g = sp2n- Let po £ i}* be such 
that {pQ,ai) = 1 for i = 1, . . . , n, then p = pQ + {n + 1)L G fj* satisfies 
{p, dj) = 1 for i = 0,1, ... ,n. For each affine real root a + n6, its corre- 
sponding root subgroup in Sp{Fy{{t))) is the subgroup Xaict"-) ( c G Fy). 
For each element A G fl^ of the form 

X = Xq + sL + k6 

where Aq G f)* , we define a quasi-character xa of o-(A*t)TA as follows. For 
Cl,C2,C3 G A*, 

XA : Ci/l„(c2)fT(c3t) ^ (Cl/l«(c2)a(c3t))^ = | Ci H C2 1 ("'^O^ | C3 1 ^ 

We introduce height functions on Sp2„(A(t)) as follows. For every g G 
Sp2„(A(t)), first we write 

g = bgkg 

by the Iwasawa decomposition, with bg G Bji^,kg G i^Aj where i?A is the 
restricted product of local Borel subgroups, and i^A is the product of local 
"maximal compact" subgroups; then we write hg = a-gUg for Ug G Ta, Ug in 
the pro-unipotent radical of B^.; then we set 

h{a{qt)g) = {a{qt)ag)^ 

and we put 

hs{<y{qt)g) = {a{qt)agY^ = h{a{qt)gy. 

It is easy to see that hs{rgk) = hs{g) for r G Sp2„(F(t) + ) and k G Kj^ . 
We consider the Eisenstein series 

Es{Tg)= Yl kirTg), (5.2) 

reSp2„{F(t> + )\Sp2„(F(t» 

where T G AutA(t) and g G Sp2„(A(t)). The main result of this section is 
the following: 

Theorem 5.1 For g G Sp2„(A(t)) and T = {qvt)v G AutA(t) satisfying 
Assumption 4-1, Es{Tg) converges absolutely when Res > 3n + 1. 

The condition Res > 3n+l is the affine analog of the classical Godement 
condition for the convergence of Eisenstein series. We use the method in [Ij 
[2] to prove the theorem. It is enough to prove the theorem for the case 



26 



s G M and g £ Ta, then all the terms in (j5.2p are positive. The proof is 
divided into two steps. 

We first recall that the Bruhat decomposition. The affine Weyl group 
W is isomorphic to the semi-direct product x W, where W is the Weyl 
group of Sp2„ and is the coroot lattice. We have 

which implies that 

SP2n(-^(*)) = LJ^eQ^Sp2„(F(t)+)u;C/F, 

where U denote the unipotent radical of Sp2„(F(t)+). Let 

S = {w eW\w~^Ao,+ C 

where Ao,+ (resp. A+) is the set of positive roots in Aq (resp. A). It is 
known that S" is a set of representatives of coset space The above 

decomposition can also be written as 

Sp2n{F{t)) = U^esSp2n{F{t) + )wUF. 

Since we assume s G M, the infinite series (j5.2p has positive terms, the 
sum makes sense as a function with values in ]R>o U {cxd}. The group U 
is a projective limit of finite dimensional unipotent groups, and Uf\Ua 
is a projective limit of spaces topologically isomorphic to a finite product 
of spaces F\A. As such Uf\Ua is a compact topological space, and it 
has a probability measure invariant under translations by [/a- For a given 
g £ Sp2„(A(t)), Es{uTg) is an ]R>o U {oo}-valued measurable function of 
u £ Uf\Ua, because each term is a measurable function of u. 

We first compute for a £ Ta n Sp2„(A(t)), the constant term 

E*{s,Ta)= / Es{uTa)du. (5.3) 

Using the Bruhat decomposition, we have 
Es (uTa) 

= Y1 Jl h{rua{qt)ay 

was rGSp2„(F[[t]])\Sp2„(F[[t]]«;C/f. 

= ^ ^ h{wrua{qt)ay (5.4) 
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Let Ew{si uTa) denote the inner sum of ()5.4p . and Ew{s, a{qt)a) denote the 
constant term of Euj(s,Ta). We have 

E*{s,Ta) 

= Y,E*{s,Ta) 



was 

= / h(wruTaydu 

was re«>-iSp2„(F[[t]])«>nc/F\c/F 

= 2, / h{wuTaydu (5-5) 

Jw-^Sp^^{Fm])wnUF\Up^ 

For each li; G 5, we put 

= {a E A+ I lua E A_}, A^ = {a E A+ | E A+}. 

It is weh-known that 

p — w^^p = a (5-6) 

Let C/^ be the group generated by the root subgroups with the roots 
in Aw and be the i-adic completion of the group generated by the root 
subgroups with the roots in A^. We have the unique factorization U = 
U'^Uw and wU!^w~^ C U and 

w-^^V2n{m])wr^UF = K{F). 

Therefore 

w-^^V2n{FM\)w n Uf\U^ = UUF)\UJ{A) • C/^(A). 

We have 

E*{s,Ta)= h{wuTafdu. (5.7) 

The right hand side of (j5.7p is 

h{wTaAd{a{q~^t)a~^)uYdu (5.8) 

C/^„{A) 

= (a(gt)a)"'"'("^) / /i(ti;Mf^(9'^0«"^)^)'f^^^- 

Since a{qt)a E cj(A*t)TA normahzes C/t„(A), we make a change of variable 
Ad{cj{q^^t)a~^)u — > n, we have the right hand side of (j5.8p equals 

(f7(gt)a)'""'("^)+^-'""''' / h{wuydu (5.9) 

^f/„(A) 
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Lemma 5.2 The right hand side of i5. 5|) converges when s > 3n + 1 and 
equals 

^65 C((sL-p,/3) + l) 

(5.10) 

where ("(s) denotes the complete Dedekind zeta function of F. 
Proof. Let P be a finite set of places. We first consider the integral 



I{P) = / h{wuydu. (5.11) 

For each (3 S A+ n wA_, we write (3 = IK + a, where a is the coroot of 
a root of the Lie algebra of Sp2n- Because i(;~^Ao,+ C A+, we have / > 1. 
That implies that 

{sL — p,P) = [sL — p,lK + a) 

= {sL,lK + a) - {p,lK + a) 
= Is - (n + 1)1 - {po,d) 

> ls-{n + l)l-{2n-l) 

> (3n + 1)/ - (n + 1); - (2n - 1) > 1. (5.12) 
Using the Gindikin-Karpelevich formula as in [3], [I], we have 

/ HwuTdu = n,n.,p (5.13) 

Jn„6pC/»(F,) Cv{{sL - p,P) + 1) 

where /3 runs through all the roots in A+ n wA-, (5 is the coroot corre- 
sponding to /3, and C,v{s) is the u-component of the completed Dedekind 
zeta function of F. Let P go to the full set of the places of F, we see that 
the integral 

/ h{wuydu 

converges to 

a{sL-p,$)) 



C((sL-p,/3) + l) 
The condition |g| > 1 implies that 

{a{qt)a)'"~^^'^^+P-'"~^P 
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decreases to as fast as a Gaussian function e~'^^'"'^'^ goes to as ?; G 
gets large, so the summation in (j5.10p converges (see [Ij for an analogous 
situation with more details). □ 
After proving the convergence of Ta), the 2nd step in the proof of 

Theorem 15.11 is parallel to that of [2|. 

Next we show Theorem 15.11 implies the convergence of the Eisenstein 
series (|4.6p : 

Theorem 5.3 If m = dim^ > 6n + 2, then the Eisenstein series con- 
verges, consequently the Eisenstein series E{(j), Tg) converges for (p satisfying 
the conditions in Lemma \4--4\ o-i^d T satisfying Assumption 4-1- 

We need to compare the Eisenstein series for two different groups Sp2„(A(t)) 
and Sp2„(A(t)). We define a third group Sp2„(A(t)) which uses the sym- 
bol (a, 6) = \C{a,b)\~2 . It has the standard generators ya{o) {a G Aq, 
a G A{t))). We have obvious morphisms 

7ri:Sp2„(A(t))^S^2„(A(t)) 
given by Xa{a) "-^ c G C* ^ \c\, and 

7r2:S^2n(A(i»-S^2n(A(t)) 

given by Xa{a) ya{a),c G A* i— > |c|2. We see that for r G Sp2„(F(t)), 
7ri(r) = 7r2(r) and that if iTi{gi) = TT2{g2), we have h{rTgi) = h{rTgi)'^. 
Therefore Es{Tgi) = E2s{Tg2)- The condition m > 6n + 2 implies that 
Y > 3n + 1, by Theorem 15.11 Em{Tg2) = EmiTgi) is convergent. 



6 Eisenstein Series and Snt-modules 

In this section, we show that the t-Eisenstein series for snt-modules studied 
in [3] appears naturally when we decompose the Eisenstein series E{(j), Tg) 
in (j4.2p . Also we prove Theorem 3.3 in [3] which was stated there without 
proof. 

For T as in Assumption 4.1, as in Lemma |4.4|, we have the Eisenstein 
series E((j),Tg) which is convergent by Theorem 15.31 For simplicity we put 
/ = Tgcj). We have 

E{Tgcl>) = E{f) = Yl (6.1) 

'■6Sp2„{F(t> + )\Sp2„(F(i» 



30 



Let 

denote the set of Lagrangian subspaces U satisfying the fohowing conditions 
(1). U is an F[[t]]-submodule; (2). U is commensurable with 

Lemma 6.1 Sp2„(-F((t))) acts on Gr{F{{t))'^^ transitively, the isotropy sub- 
group of F[[t]]^^ ts Sp2„(F[[t]]). 

This lemma is well-known. Since we could not find the reference, we give 
a sketch of the proof. 

Proof. For U e Gr(F((i))2'^). We first note that for every a,b € U, the 
F((t))-valued sympletic paring (a, is in Otherwise there is a 

maximal, positive integer k such that the t~ '^-coefficient of (a, &)F((t)) is not 
0; then {a,t^~^b) = Kes{a,t^~^b) F{{t)) 7^ 0, which contradicts a and t^~^b 
being elements in the Lagrangian subspace U. Since U is commensurable 
with it is isomrophic to as an F[[t]]-module. We can find 

an F[[t]]-basis ai,...,a2n such that {ai, aj+n) F{{t)) = ^^i 1 < i,j < 
n. Let ei, . . . ,62™ be the standard sympletic basis of the F((t))-symplectic 
space then the -F((t))-linear map g : ei ^ ai { 1 < i < 2n) is in 

Sp2„(-F((t))) and = U. It is clear that the isotropy subgroup of 

F[[t]r is Sp2„(F[[t]]). □ 
We next prove that the above lemma is also true if Sp2„(-F((t))) and 
Sp2n(-F[[t]]) are replaced by smaller groups Sp2„(F(t)) and Sp2„(-F(t) + ). 

Lemma 6.2 Sp2„(-F(t)) acts on Gr{F{{t))'^^ transitively, the isotropy sub- 
group o/F[[t]]2" ^s Sp2„(F(t) + ). 

Proof. Using the BN-pair argument as in [6], we have 

Sp2n(i^(W)) = Sp2„(F[[t]])Sp2„(F(t,i-l)). 

It is clear that Sp2„(-F(t, C Sp2„(-F(t)). The transitivity follows. Since 
the isotropy subgroup of the Lagrangian subspace in Sp2„(-F((t))) 

is Sp2n(i^[[t]]), its isotropy subgroup in Sp2„(F(t)) is 

Sp2n(i^[W]) n Sp2„(F(t)) = Sp2„(F(t) + ). 

□ 

By Lemma 16.21 the summation in (j6.ip can be written as a summation 
over Gr(F((t))2"). For r G Sp2„(F(t)+)\Sp2„(F(t)), let U = F[[t]]2"r be its 
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corresponding element in Gr(F((t))2"). Let 7r_ : F{{t)f'^ t"^F[t"^]2" be 
the projection map with respect to the decomposition: 

= + r^F[t-i]2". (6.2) 

By Proposition 13.71 we have 

(r/)(0)= / ^Pil{x*^r,x*5r))fix*^r)dix*-fr). (6.3) 
The symplectic pairing 

(,):7r_(C/)xF[[t]p«^F 

factors through a non-degenerate pairing 

(,):vr_(^)xF[[t]]27F[[t]]2-nt/^F. 

For each v G tt-{U), let v £ U he a hfting of v, write v = v+ + v- ac- 
cording to the decomposition (16. 2p . then the element -5+ + n C/ G 
n [/ is independent of the hfting. We denote by p the map: 

p : 7r_(C/) ^ n C/, v ^ v+ + n [/. 

And we use the same symbol p to denote the map 

p = p Id : 7r_ ([/) y ^ (F[[t]]2"/F[[t]]2" n C/) 

Then (j6.3p can be written as 

(r/)(0)= / ^Pil{x,px))f{x)dx'':^' E{f,U), (6.4) 

where dx is the Haar measure on (7r_([/) 1/)a such that the covolume of 
7r_(C/) (g> y is 1. We have 

ii;(rg0) = i^(/) = Yl E{f,U). 

U£Gr(F{{t))'2") 

We consider the space F[t~^]'^^ as an F[[f]]-module by the identi- 
fication t-^F[ri]2'^ = F((t))2'^/F[[f]]2'^. The group Sp2„(F[[t]]) acts on 
t~"'^-F[t~^]^'^ by means of the above identification. 

We denote by 

Gr(t-iF[t-i]2") 
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the set of all F[[t]]-submodules in t^^ F[t^^]'^'^ which are finite dimensional as 
an F-space. The projection map 7r_ : — > F[t~^]'^^ with respect 
to the decomposition (j6.2p gives a map 

P : Gr{F{{t)f'^) Gr{t-^F[t~^]'^''), U ^ vr_([7). 

The map P is Sp2„(-F[[t]])-equivariant but is not surjective. For exam- 
ple, Feit-'^ + Fen+it'^ G Gr{t-^ F[t-'^]^'^), but is not in the image of 
P. Otherwise, if Feit~^ + Fcn+it^^ = ^^(11), then U contains elements 
eit~^ + a, e„+it~^ + b for some a,6 G Since U is an F[[i]]-module, 

en+i +tb & U, and then 

{eir^ + a, e„+i + tb) = (eit"\ Cn+i) = 1, 

which contradicts U being Lagrangian. 

For W G Gr(t-iF[t-i]2"), we set 

(7eGr(F{(t))2"):P((7)=Vl/ 

In the case that P^^{W) is empty, then we set Ew{f) = 0. We have 

E{f)= ^wif). (6.5) 

VKeGr(t-iF[t-i]2") 

The following lemma describes the image of P. 

Lemma 6.3 An element W G Gr(r is in the image of the map 
P iff there is g £ Sp2„(-F[[t]]) such that 

Wg = Span^[[,]](r'=^ei, t-'^^ea, . . . , t-'"ei) (6.6) 

where I < n and ki > k2 > ■ ■ ■ > ki^ > 1. 

Proof. Let U denote the -sub module of F((t))^" generated by 

t~^'^ei,t~''^e2, ■ . . 6^,6^+1, . . . ,en,t^'^en+i,. ■ . , t'''e„+;, e^+i+i, . . .,e2n- 

It is easy to see that U G Gr(F((t))2"). Then 

P{U) = Span^[[i]](t-'=iei,t-'=2e2, . . . ,^'='6;). 

This and the Sp2„(F[[t]])-equivariance of P prove the condition in the Lemma 
is sufficient. Conversely if = P{U) for U G Gr(F((t))2"), then U = 
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for some g G Sp2„(F((f))). By the Bruhat decomposition, we write 

9 as 

g = hi diag(r ^1 , . . . , t''^" , t'^^ . . , t'^" ) 62 

for some fci > A;2 > • • • > A;„ > 0, 61, 62 G Sp2„(F[[t]]). Let ki be the 1st in 
kiS that is not 0, then 

P{U) = Span^[[,]](t-^iei,t-^2e2, . . . .r^^'e,) • 62 

This proves the condition is also necessary. □ 

ForVF e Gr(t-iF[t-i]2"), T^+F[[t]]2" is an F[[t]]-submodule of F((t))2'^. 
Since the symplectic form (,) on satisfies the property {ta,b) = 

{a,tb), the radical R of the restriction of (,) on + ^[[t]]^" is an F[[t]]- 
submodule and R C The quotient F[[t]]-module 

W = {W + 

has the induced symplectic form (,) and it satisfies the condition {ta,b) = 
{a,tb), i.e., W has the structure of an snt-module (See Section 1 [3j for 
definition of an snt-module). In the case that W is the right hand side of 
(|6.6p . the snt-module W is isomorphic to 

where -ff^ is as in (1.9) |3]. Recall from [3], Section 2, that for an snt- 
module W, we used the symbol Gr{W, t) to denote the set of Lagrangian 
subspaces of W which are also -F[[t]]-submodules. We now prove that there 
is a bijection from Gr{W,t) to the set 

Gr{F{{t)f^)<w = {U G Gr{F{{t)f^) \ 7r^{U) C W}. (6.7) 

For U as in ([62]), since ir_{U) C W, we have U C + so U/UnR 

is an F[[t]]-submodule of W. And the fact that [/ is a Lagrangian subspace 
of F{{t))'^'^ implies that U /U H i? is a Lagrangian subspace of W . Therefore 
U/U n R £ Gr(W,t). Conversely if Af C W is an element in Gr{W,t), 
then the inverse image of M under the canonical map + — > W is 
an element in Gr(F((t))-^"'). This proves 

Lemma 6.4 The map Gr{F{{t)f"-)<w ^ Gr{W,t) given by U ^ U/UnR 
is a bijection. 
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In the snt-module W, g Gr{W,t), and W/W D R = W is a 

Lagrangian subspace of W, but in general W is not an F[[i]]-submodule of 
W, i.e., W ^ Gr{W,t). We have decomposition 

W = W eF[[t]]^''/R 

into a sum of Lagrangian subspaces. As in Section 8 ^ we have 

as a model of the Weil representation for the symplectic group Sp((l^ (X" 
V)a), and the groups Sp{W,t)A and G'^(-P[[i]])A) form a commuting pair 
in Sp{(W<^V)a)- For each / G S{(W<^V)a), we defined in ^ the Eisenstein 
series 

Et(/)= Yl ^(/'^)- 

HeGr{W,t) 

Compare the formula E{f, H) in Section 8 [3] and the formula E{f, U) 
in (j6.4p above, we see that if corresponds to U in the correspondence in 
Lemma Eai then E{f,H) = E{f,U). 

Therefore we have 

Lemma 6.5 We use the same symbol f to denote the restriction of f on 
{W (2) V)a, then t-Eisenstein series Et(/) for the snt-module W is 

Et(/)= ^(/'^)- 

C/eGr(F(W)2")<^ 

And Etvi/(/) in Section 8 f^] is 

Etwif) = Ewif). 

When / G S{{W(^V)a) is the restriction oiTgcf) G S{{t~'^F[t~'^f''(^V)A) 
for T,g,(j) as in Theorem 15. 31 . since Et(/) is part of series for E{f), we know 
from Theorem 15.31 that E{f) converges absolutely, therefore Et(/) converges 
absolutely. We shall prove a stronger convergence result: 

Theorem 6.6 Suppose dimV > 6n + 2 and W G ImP, then Et((/)) con- 
verges absolutely and the convergence is uniform for (p in a compact subset 
ofS{{WCSV)A). 
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This Theorem imphes Theorem 3.3 [3]. To prove Theorem 16.61 we intro- 
duce some useful terminology. A subset C C S{{t~^F[t~^]'^^(dV)A) is called 
quasi- compact if it satisfies the following two conditions: (1) there is a finite 
set S of places of F including all infinite places such that for v ^ S, every 
/ G C is of the form / = /'/o where /' is in S{U^^s{t~^F[t-^]'^'^ V)fJ 
and /o = n^^50o,i>, where (pQ^y is as Lemma 12.61 (2) For every finite dimen- 
sional space W C (g) V, the restriction of C to Wa is a subset 
of some compact subset of S{Wa)- We give an example of a quasi-compact 
subset. Let F[t~^]'^^ = W' x W" be a decomposition of vector spaces 
such that W is finite dimensional. Let Ci C SiW'^ be a compact subset, 
and /2 G SiW'j^ be a fixed function, then for each /i E Ci, /i(xi)/2(x2) 
(where xi E W^,X2 E VF^ ) is a function on (TV' x W")a, so C1/2 can be 
regarded as a subset of S{{W' x VF")a) = cS((r ^^[t-i]^" y)^), this set 
is clearly quasi-compact. We also have the concept of quasi-compact subset 
of 5(t-^F„[t-i]2" (g) V;): a subset is called quasi-compact if its restriction 
on each finite dimensional subspace TV is a subset of a compact subset in 



Now we fix a place v. Recall in Section 2, we defined for each simple 
root Qj (i = 0, 1, . . . ,n) , a subgroup Ka^ C Sp2„(Ft,((t))). 

Lemma 6.7 IfC E S{t~^Fy[t~^]'^'^®Vv) is a quasi-compact set, the for each 
simple root Ui, K^fi is also quasi- compact. 

Proof. If i = 1, . . . ,n, since C Sp2„(-Fi,) is a compact subset, and for 



It is clear that K^fi is quasi-compact. It remains to prove the Lemma for 
the case K^q. In the notation of Section 2.2, Ka^^ is a maximal compact 
subgroup Gap, and Gq,q is generated by root vectors XQ{ct~^) and X-e{ct) ( 
c E Fy). We first note that if i? is a compact subset in F^, then the following 
subsets 



are quasi-compact. This can be easily seen from the action formula of 
xg{ct~^) and x^g{ct) in (j2.1ip . We notice that a partial Fourier transform 
maps a quasi-compact set to a quasi-compact set, and a map that permutes 
the variables maps a quasi-compact set to a quasi-compact set. Having no- 
ticed these facts, we divide our proof into two cases. If v is a finite place, 
let Oy denote the ring of integers of Fy. Consider each element 



S{W). 



9 G Sp2„(F,), fee 



{gf){x) = f{xg). 



{xe{ct~^)\ce B]e, {x^0{ct)\ce B]C 




(6.8) 
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We claim g is in one of the following two sets: 

In fact, if n G O*, then g is in the first set, if u ^ O*, then v{u) > 1, since 
us — vw = 1, we must have w E O*, then 

is in the first set, so g is in the second set. Therefore every g G is in 

one of the two sets 

Bi = S\x0{ct-^)h0{h)x_0{bt) \heOl,b,ce O^} 

B2 = S^{x_e{t)xe{cr^)he{h)x_e{ht) a} 

It is clear that BiC and B2C are quasi-compact. So K^^C C BiC U B2C is 
also quasi-compact. For the case = M and for every g G , let 



cos U sm f 
— sin^ cos( 



be its image in 502- If |cos0| > using the identity 

/ cos 6* sin6'\ f I Q\ f cosO 
\^— sin0 C( 

we see that g is in 



sine cos^y V-^ 1/ V cos-i 

' ^ cos 9 ' ^ 



) 


sin&\ 


cos 6 1 




1 >' 



i?3 =' S\xe{ct-^)he{h)x_g{ht) \^<\h\<l, \h\ < 1, |c| < 1}. 

If |cos0| < then ■Wao{^)g is in B3 above. Therefore Kc^^C C B3C U 
Wag{l)B3C which is quasi-compact. A similar proof works for F„ = C. □ 



Lemma 6.8 Let W G ImP, then there exists a positive integer I (depend- 
ing on W) such that each r G Sp2n{F{t)) satisfying the condition that 
P(F[[i]]^"'r) C W can be written as 

r = bkik2 ■ ■ - ki 

where b G Ba and ki is in IlyK^^ct for some simple root a. 



37 



Proof. We may assume that W = Spanp^^-i-^j{t~^^ei,t~^^e2, ■ ■ ■ ,t~^"^em} 
where m < n. By the Bruhat decomposition, every r can be written as 
r = biwb2 for 61, 62 £ Bp and w £ W. The condition on r imphes that the 
length l^w) of w is bounded, say l{w) < I for all r satisfying the condition 
in the lemma. Then we use the BN-pair and the argument as in p. 99 [B] to 
show that r can be written as 

r = bkik2 ■ . . ki 

with ki S HyKy^a- for some simple root a. □ 

Lemma 6.9 Let C be a quasi-compact subset of S{{t^^ F[t^^]'^"' (!^V)a), let 
W £ ImP. There is a constant C depending only on C and W such that 
for every r G Sp2„(-F(t)) satisfying the condition that 7r_(F[[t]]^'^r) C W, 
f G C, we have 

(rr/)(0) < ChirT)"". 

Proof. By Lemma 16.81 we can write r = bki ■ ■ - ki, so 

{rTf){0) = h{rTr{ki...kfm. 

By Lemma 16. 7| ki . . . kif varies over some quasi-compact subset C; then 
there is a constant C satisfying 

\ik,...kif)iO)\<C 

for all / G C . □. 

Proof of Theorem 1 6. 61 Consider Co a compact subset of S{{W ^)a)) we 
choose a complement W of W in t''^ F[t-^]'^'' , i.e., W®W' = t-^F[t-'^]'^'' , 
and we choose a function / G S{{W'0V)a), then T~^Cof is a quasi-compact 
subset of V)a)- Consider for G Co, 

Etw{4>) = Yl (rTT-V)(0) 

'■6Sp2„(F[[t]])\Sp2„{F{(t))):P(F[[t]]2"r)Ciy 

By Lemma 16.91 there is a constant C such that 

|(rrr-V)(0)| < ChirT)"". 

Therefore 

iEtw^(</.)i <C7 Yl Mr-Tr, 

'•eSp2„(F[[t]])\Sp2„(F({t))):P{F[[t]]2"r)cW' 

since m > 6n + 2, the right hand side is convergent by Theorem 15.31 □ 
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7 Siegel-Weil Formula for Loop Groups 



In this section, we prove our main result: the Siegel-Weil formula for loop 
groups. Let T, (f) be as in Theorem 15.31 and h £ G(A(t)+). We consider the 
theta functional 

e{hTgcP)= Yl (hTgcP){r). (7.1) 

ret-iF[t-i]2" 

We fix T, g, cj) and denote / = Tgcj) and regard (j7.ip as a function of /i G 
G(F(t)+)\G(A(t)+). 



Lemma 7.1 T/ie convergence of series (7.1) is uniform for h G G{A{t)-^-) . 

Note that the assumption that G is the orthogonal group of an anisotropic 
form implies that G{F{t)^)\G{A{t)^) has a compact fundamental domain. 
The proof of this lemma is similar to that of Theorem [331 where Lemma 3.5 
is used. We also remark that G(F(t)+)\G(A(t)+) = G{F[[t]])\G{A[[t]]). 

Since the convergence of ()7.ip is uniform on h £ G(A(i)_|_), this function 
is continuous. And since we assume the quadratic space V is anisotropic 
over F, G{F{t) + )\G{A{t) + ) is compact, the following integration 

I{TgcP) = I{f) [ e{hf)dh, (7.2) 

JG{F{t) + )\G{Mt) + ) 

converges, where dh is the unique G(A(t)_|_)-invariant probability measure 
on G(F(t)+)\G(A(i)+). 

We write h G G{A{t)^) in the block form 

ah 

with respect to the decomposition 

(F((t))2" ® V)a = (tFr ® V)a e (F[M]'" V)a. 

Since G(A[[i]]) preserves the second summand, we have 'jh = 0. Then h ■ f 
is given by 

{h ■ f){r) = i^i^irat, rPh))f{rah). (7.3) 
Therefore, (|7.2p can be written as 

/(/)=/ V i;{l{rah,rPh))f{rah)dh. (7.4) 

JG{F{t)+)\G{A{t)+) ^gt-l^[i-l]2n ^ 
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We can write the integral (j7.4p as a sum of orbital integrals. We first de- 
fine right actions of G(A(t)+) on {t-^F[t-'^]'^''(E)V)A and x {t-'^F[t~'^]'^''(E) 
V)a as follows: for {s,x) e x (^^^[t-i]^" ® V)a, h G G{A{t) + ) 

xh = xah, {s,x)h = {sij{^{xah,xl3h)),xah). 

One checks directly that the above are actions. It is clear that the projection 
map 

X V)a ^ V)a, {s, x)^x 

is G(A[[t]])-equivariant. We extend a function / on {t^^F[t^^]'^"' 03 V)a to 
a function on x (t^^ F[t^^]'^'^ ^ V)a which we still denote by / by 

f{s,x) = sf{x). 

Let Gr and Gi^r denote the isotropy subgroups of r and (l,r) in 
then of course Gi^r C Gr- For r G F, g G G^, 

because ^ = 1 on F. Hence 

Gl f = GrT- . 

Let O be a set of representatives of G(F(t)_|_)-orbits in ® V. Then 



JG(F(t> + )\G(A(t> + ) ^gj_i^[j_ij2„ 

= E / (7.5) 



G(F(t> + )AG'{A(t> + ) 



The classification of G(F(t)+)-orbits (same as G(F[[t]])-orbits) in t-^F[t''^Y'^(, 
V is already done in Section 5 [3j. We recall the result: if 



i=l 

it defines an F[[i]]-map 
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L : V[[t]] ^ t-^F[t-^f^, Uv) = Y,iv^,v)u,, 

i 

here (, ) denotes the F[[t]]-valued biUnear form on V[[t]] that extends the 
bihnear form (,) on V. The image Im/^. of fx is finite dimensional, so 
Im/a; E Gr{t~^F[t~^]'^^) . And x can be written as x = Yli=i ^« ® ^» 
for a quasi-basis ui,...,ui of Im/^ ( Lemma 5.3 [3]). We have T{x) = 
J2i G 5^^(Im/a;) (see Section 5 [3]). We have 

Theorem 7.2 The G{F[[t\])-orhit in t^^ Flt^^]'^^ are in one-to-one cor- 
respondence with the set of pairs W G Gr(t~^F[i^^]^"), i G S^{W) such that 
U{i)F is not empty. The correspondence is that, the orbit of x corresponds 
to the pair (hnfx, T{x)). 

This Theorem fohows from Theorem 5.8 [3] directly. We put 
Iwif)= E / fia,r)h)dh 

reO:Im/,.=VK-^^(^[Wl)Af?{A[[i]]) 

Therefore 

I{f)= E ^^(/)- (7.6) 

VKeGr(t~iF[t-i]2") 

Lemma 7.3 Let W G Gr(r ^^[r i]^") 6e in i/ie image of P : Gr(F((t))2") - 
Gr(t"iF[t-i]2"), then 

Ew{f) = Iw{f). (7.7) 

Proof. We consider the snt-module M = as defined in Section 6. By 
Theorem 8.1 [3], EtH/(/i) = Itiy(/i) for /i G 5((W V)a)- Notice that 
when /i is the restriction of / on {W V)a, we have Ey/{f ) = Etiy(/i), 
and Iwif) = Itw(/i), so ([TZD holds. □ 
By the above lemma, and using the fact that Ey/{f) = for W ^ ImP, 
we see that 

i{f)-E{f)= J2 ^^(/)- (7-8) 

M^eGr{t-iF[i-l]2"):iy^ImP 

In the Section 8, we shall prove 
Lemma 7.4 IfW^ ImP, then Iwif) = 0- 
From this lemma, we have our main result: 
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Theorem 7.5 If dimV > 6n + 2, forT,g,(j) as in Theorem\5^ 

E{Tg4>) = I{Tg^). 



8 Proof of Lemma 17.41 

In this section we prove Lemma 17.41 that is used to prove Theorem 17.51 We 
consider the -F[[t]] -module 

X = F{{t)f^ ®^((,)) vm/m?'' ®Fm] nm- 

It is clear that X is isomorphic to the -F[[t]] -module 

Fm/F[[t]]®F^^®F{{t)). 

Since Sp2„(F[[t]]) x acts on F((0)^"®F({t)) ^(W) and preserves the 

subspace ^IMl' acts on X as F[[t]]-module isomorphisms. 

We view t^^ F[t^^]'^^ as an F[[t]]-module by the identification 

r^F[t-^f'' = (8.1) 

Since the Sp2„(F[[t]])-action on leaves invariant, it acts on 

t~'^F\t~^Y^ as F[[t]]-module isomorphisms by the identification (jS.ip . It is 
clear that 

X = F{{t)f'' ® <^v = r^Fir^f"^ ® v. 

Similarly, we view as an F[[t]]-module by the identification 

t-^v[t-^] = vm/ymi 

on which acts as -F[[t]] -module isomorphisms. We see that the 

following F[[t]]-modules 

t-i^r ® y, t-^F[t-^f^ ®^[[,]] v[[t\] 

are all naturally isomorphic to X. From now on, we identify the above four 
spaces. For example, eit~^ (8> f in the first space is equal to ® vt~^ in 
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the third space. We have the obvious action of Sp2„(-F[[t]]) x on 
t-iF[ri]2" V[[t]] and ®^[[,]] t-'V[t-^].^ 

Every x E X, viewed as an element J2iUi(S)Vi in f-^ F[t~'^]^'' (S)F[[t]]V[[t]] 
defines an F[[t]]-hnear map 

/x : V[[t]] ^ Uv) = J2i^i,v)ui, 

i 

here {vi,v) denotes the F[[t]]-valued bihnear form on V[[t]] that extends the 
bihnear form (, ) on V. The image Im/a; of fx is an ^[[tJJ-submodule of 
i.e., Imfx e Gr(t"iF[t-i]2"). Note that x can be written as 
X = Yli=i ® "^i ^ quasi-basis ui, . . . , of Imfx ([3] , Lemma 5.3). We 
have T{x) = Yli ^ ^ (see [3], Section 5). 

On the other hand, x defines an F[[t]]-hnear map: 

i 

where we write 

and {ai,v) denotes the F[[t]]-valued symplectic form on that extends 

the standard symplectic form on F^". We have the following analog of 
Lemma 5.3 in [3]: 

Lemma 8.1 Let x £ X, and let bi,...,bm be a quasi-basis o/Im/^, then 
there are elements oi, . . . , Om G such that 

(1) Span^[[^]]{ai, . . . , am} is a primitive submodule o/F[[t]]^" and ai, . . . , 
is a basis of Spanp[[f.]]{ai, . . . , am} ■ 

(2) X = ai (g) bi -\ h fflm ® bm- 

The proof is similar to that of Lemma 5.3 in [3], with the role of sym- 
plectic space F^" and quadratic space V interchanged. 
For the above x, we define 

T'{x) = ^{ai,aj)bi (g) bj £ A?(Im/^). 

It is clear that for g S Sp2„(-F[[t]]) and h £ G{F[[t]]), we have 
Imfx.h = Imfx, Imfig = Im/^, T{x ■ h) = T{x), T'{x ■ g) = T'{x). (8.2) 



43 



Lemma 8.2 If x e ® V, then Imf^ G ImP iffT'{x) = 0. 

Proof. If Imfx G ImP, by Lemma 6.2, there is (7 G Sp2„(P[[t]]) such that 

Imfx ■ g = Spanj,[[4]](t-'=iei,t-''2e2, . . . ,t"^'ei), 
where I <n. Using Lemma 5.3 we can write 

x-g = eit~^^ ®wi + e2t~^'^ ®W2^ h e;t"''' w;. 

Note that eit~^^ ®Wi, under the identification X = P[[t]]^"' (^F^lt]] *"^^[*"^]) 
is in P[[t]]e, t-^V[t'\ So x-(7 is in E!=i^[W]ei i^^^^^], 

therefore r'(x • 5) = 0. By ([821), 

r'(x) = r'(x-5) =0. 

Conversely, if T'(x) = 0. Let 

X = ai®hi-\ am®hm 

be as in Lemma |8. 11 so 

Im/^ - F[[t]]/{t^^)b, e • • • © F[M]/(t^-)6™, 

Then 

m 

T'{x) = ^ (oj, aj)6i 6j = 

imphes that 

{ai,aj)=Q modt"^''^('=-^'^) (8.3) 

for all 2, j. Since oi, . . . , Om satisfies (1) in Lemma 18.11 we see oi, . . . , Cm 
project to hnearly independent elements in P[[t]]^"/tP[[t]]^". And (|8.3p 
implies that the constant coefficients of ai , . . . , am span an isotopic subspace 
of P^". Therefore m < n. Taking the standard symplectic basis ei, . . . , e2n 
of P[[t]]2", we have 

(a„a,-) = (ei,e,-) mod^^'^^'^-'^^), 

for 1 < i,j < m. We claim that we can alter ai,...,am to another set 
di, . . . ,dm such that 

di = tti modt''%for 1 <i <m (8.4) 
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and 

{di,dj) = {ei,ej) = fori < i,j < m. (8-5) 

The proof of this claim is similar to that of Lemma 5.6 in [3], with the 
role of the symplectic space F-^" and quadratic space V interchanged. The 
equation ()8.4p implies that 

X = di(g)bi-\ h a.m (8) ^m- 

In turn (j8.5p implies that we can extend the di to a symplectic basis di, . . . , d2n 
of Then the F[[t]]-isomorphism g : Ci ^ di { i = l,...,2n) is 

in Sp2„(-F[[t]]). So X = y • 5, where y = ei ® hi + ■ ■ ■ + Cm ® bm- So 
we have Im/a; = Im/j, ■ g. It is clear that Im/y is an F[[t]]-submodule 

of W *== Spanp[j^]]{eit~'^, . . . , 6^^"'""} for non-negative integers /i, . . . , 
Since m < n, is in ImP. It follows from Lemma 18.31 below that Im/^ is 
in ImP. Therefore Im/^; = Im/^ • g £ ImP. This completes the proof. □ 

Lemma 8.3 IfW e Gr(t-ip[t-i]2") is in ImP and Wi C W is an F[[t]]- 
submodule. Then Wi is also in ImP. 

Proof. By the assumption, W = 7r_(C/) for some U G Gr{F{{t))'^^). Let 
U' = {x G U \ pi^ (x) £ Wi} and 

U" = {ye P[[i]]^" I {y, x) =0 for ah x G C/'}. 
Then Ui =^ U' + U" G Gr(P((t))2") and 7r_(C/i) = Wi. □ 
We consider the group 

Oi(P[[t]]) = {5eO(i^[M])l5 = l modi}. 

It is an inverse limit of finite dimensional unipotent groups Oi(P[[t]])/Ofc(P[[t]]), 
Ofc(P[[t]]) being the subgroup of Oi(P[[t]]) consisting of g such that g = I 
mod t'^. Let oi(P[[t]]) denote the space of all P((t))-linear maps 

a : vm) - vm 

such that 

V[[t]]a C tV[[t]] and {vig,V2) + {vi,vig) = (8.6) 

for all vi,V2 G ^[[i]]) where (,) denote the P[[t]] -valued bilinear form on 
V[[t]] that extends (,) on V. Since we assume group 0(P[[t]]) acts on V[[t]] 
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from the right, we assume -End^jjjjjy [[f]] operates on V[[t]] from the right 
as well. The Lie algebra oi(F[[f]]) is an inverse limit of finite dimensional 
nilpotent Lie algebras oi(F[[t]])/ofc, where Ok consists of a such that a = 
mod t^. We have the exponential map: 

OO 

exp : o,{F[[t]]) - Oi(F[[t]]), exp{a) = Y.Ji 

k=0 

which is a bijection. 

For X £ X with Imfx ^ ImP, we have T'(x) 7^ by Lemma |8.2[ We 
let W = Im/^. Then W is an F[[t]]-submodule of Consider 
W + V[[t]] C V{{t)). It is an F[[t]]-submodule of V{{t)). Let 

= {a G oi{F[m I iW + V[[t]])aCV[[t]]}. 

It is easy to see that qw is a Lie subalgebra of oi(F[[t]]). In V{{t)), we 
define an F-valued bilinear form by 

(u, v)f = Res(n, v), 

where {u,v) is the -F((t))-valued bilinear form that extends the bilinear 
form on V , and Res(M, f) is the the coefficient of t^^ in {u,v). We have, for 

u,ve Viit)), 

{tu,v) = {u,tv). (8.7) 

It is easy to see that V[[t]] and are maximal isotropic subspaces 

oi{V{{t)),{,)F). Set 

= {u£ V[[t]] \{u,w)f=0 for all w G W}. 

Because of (HZ]), W-^ is an F[[t]]-submodule of V[[t]]. We let 

W' = V[[t]]/W^. 

We have a non-degenerate pairing {,)f '■ W x W' — > F induced from (, )f 
on V{{t)), which satisfies ([52]). We call an F[[t]]-linear map (j) : W ^ W 
skew symmetric if 

iwi,(j){w2))F = -{w2,(t){wi))F. 

The space of skew-symmetric F[[t]]-linear maps is identified with the dual 
space of K^iW), the subspace of all skew-symmetric tensors in W ®F[[t\\ ^ ■ 
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The identification is as follows: the paring of (j) with Yl\=i Wi®Wi^ A^(M^) 
is 

I I 

{(j), ^ (8) Wi) = ^{Wi, (t){Wi))F- 
i=l i=l 

For each a G giy, we have 

V[[t\]a C W^. (8.8) 

The proof is as follows. For v G S W , 

{w^va)F = Res(t(;,fa) = Res(— (toa, u)) = 0. 

The last equality follows from the fact wa G V\[t\\ and {wa^v) G ^[[i]]- 
Each g G qw induces an F[[t]]-map 

-g:w = {w+ v[m/vm] ^ vmyw^ = w. 

We have a commutative diagram 

W + V[[t]] V[[t]] 

i TT i tt' (8.9) 

w ^ w 

Where tt : W + V[[t\] ^W = W + V[[t\]/V[[t]] and vr' : V[[t\] ^W' = 
V[\t\\/W'^ denote the natural projections. Since g is skew-symmetric, g is 
skew-symmetric. So we have a map 

Qw^{^^{W)r, g^g. (8.10) 

Lemma 8.4 The above map I18.1(J\) is onto. 

Before proving this lemma, we need 

Lemma 8.5 (1) The rank of every finite dimensional F[[t]]-submodule W 
oft^^V[t~^ is at most dimV . (2) If the rank of W is dimV , thent^'^V[[t]] C 
W + (3). If the rank of W is less than dimV , we can find an F[[t]]- 

submodule in t^^V[t^^] such that W r\ = {0} and W + has rank 
dimV . 

Proof. Recall that the rank of W is equal to dimW^/tVK and also equal to 
the number of elements in a quasi-basis of I^. It is easy to see that W has 
a quasi-basis wi, . . . ,Wr of the form 

Wi = Vit~^^ + higher terms 
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such that vi,...,Vr £ V are hnearly independent. Therefore r < dimV. 
This proves (1). For (2) and for the quasi-basis wi, . . . ,Wr sts above, since r = 
dimV, vi, . . . ,Vr is basis of V. Then W contains t^^~^t(7i = t~^vi, . . . , t^^~^Wr = 
t~^Vr- Therefore + 3 For (3), again we take a quasi-basis 

wi,...,Wr as above, since vi,...,Vr is hnearly independent, we can find 
m = dimy — r vectors v^, . . . so that vi, . . . ,Vr,Vi, . . . ,v'f^ is a basis of 
V. Then 

W = span^[[i]]{t-iwj, . . . , 
satisfies the requirements in (3). □ 

Proof of Lemma \8.4\ We first prove the lemma under the condition that 
the rank of W is equal to dimV. By Lemma[83] (2), t~ C + V[[t]]. 

If 5 G EndF[[t]]{V{{t)) satisfies {W + V[[t]])g C V[[t]], then {t-'V[[t]])g C 
which implies that C For arbitrary skew-symmetric 

g : W ^ W', we can find an F[[t]]-linear map g : W + V[[t]] V[[t]] such 
that the diagram ()8.9p is commutative. Since W + V[[t]] and V[[t]] are free 
F[[t]]-modules, g extends to an F((t))-map 

V{it)) = {W + V[[t]])(S)F[[ti] F{{t)) 

to 

V{{t)) = V[[t]] F{{t)) 

which we still denote by g. Let g* : V{{t)) — > V{{t)) be the dual of g : 
V{{t)) V{{t)), i.e., g* satisfies 

{V19*,V2) = {vi,V2g) 

for ah vi,V2 G V{{t)). We claim g - g* e oi{F[[t]]). It is clear that g - g* 
satisfies the 2nd condition of (18. 6p . To prove it also satisfies the 1st condition 
of (|8.6p . we need to prove 

{W + V[[t]]rg*CV[[t]]. (8.11) 

We take w £W + V[[t]],v £ V[[t]], then 

{wg* ,v)p = Res{wg* ,v) =Res{w,vg). (8.12) 

Since vg G W-^, (18.12p = 0, and this is true for all v, so wg* G ^[[i]]- This 
proves (j8.1ip . therefore we have proved g — g* E oi{F[[t]\). It is clear that 
the image of ■^{g — g*) is g. 
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For the case that the rank of W is smaUer than dimy, we take as in 
(3) of Lemma 18.51 Then 

(w + wy ^ w'®{w^y. 

If we have g:W is in A^W), we extend gtog: W+W ^ (W + Wy 

by setting {w + w^)g = wg , then there is g G 0pi/+pi/c such that g maps to 
g. It is clear that qw+W-^ C Qw- Then g G gvK maps to g. □ 



Proof of Lemma \7.4\ It is enough to prove that if x £ t ^F[t ^]'^^ (8) V such 
that W = Im/a; ^ ImP, then 

/ fi{l,x)h)dh = 0. (8.13) 



/G(F(t> + )AG(A(t> + ) 

The left hand side of (|8.13p equals to 

/ i^{hxah,x(3h))f{xah)dh. (8.14) 

JG{F{t) + U\G(A{t) + ) ^ 

If h = /ii/i2 with hi G G{A{t) + )x, then 

Using xa/i^ = x, we have 

{xah,x/3h) (8.15) 
= {xahj^ah2,x{ah^Ph2 + PhiSh2)) 
= {xah2,xPhiSh2) + {xah2,xPh2)- 

Notice that 

{xag,ydg) = {x,y) 
for arbitrary g £ Sp2N{A{t)). We therefore have 

{xah,xPh) = {x,x/3hi) + {xah2,x/3h2)- (8.16) 
Using (j8.16p . the integral (|8.14p equals 

/ ip{l-{x,xf3h,))dhi (8.17) 

JG{F{t) + )^\G{A{t) + )^ ^ 

times ^ 

/ il>{-{xah2,xPh2))fixah2)dh2. 

JGiA{t) + U\G{A{t) + ) ^ 
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It is sufficient to prove (j8.17p is 0. Notice tliat the map 

X:G{A{t) + ),^S\ h^i;{^{x,xPh)) 

is a cliaracter of G(A(t)_|_)^ wliicli is trivial on ^(^[[t]])^:. Therefore to prove 
(|8.17p =0. we only need to prove x is non-trivial on G{A{t)-^.)x■ It is enough 
to prove that for each place v, the character 

Xv : G{F,[[t]])x -^S\ M^{^,^l3h)) 
is non-trivial. It is sufficient to prove the group homomorphism 

: G{FM)., ^ A{F,) : h ^ {x,xf3h) 

is onto, where A denotes the one-dimensional additive group. The morphism 
(j) factors through a finite-dimensional quotient of G'(F„[[t]])2.. It is sufficient 
to prove the Lie algebra map dcp is not trivial. Let W = Im/^. and QwiFv) = 
Qw ® Fy. By Lemma ISTil we have a surjective map 

QwiFv) ^ A?(in). (8.18) 

And by Lemma 18.21 we have T'{x) ^ because of our assumption that 
Im/a; ^ ImP. We may take h G Qw{Fv) such that 

(T'(x),6))/0, 

where b : W ^ W is the map induced from b : PV^ + ^[[t]] as in 

(8.9). For every e £ F^, 

k=0 

Since 

{W + V[[t]]).bcV[[t]]., 

xb e V[[t]], 

so xagi^^-) = X, i.e., g{e) £ G{Fy[[t]])x for all e G F^, . It is easy to see that 

is a polynomial of e whose e-term is 

(T'(x),6)/0. 

This proves that d(j) is not and therefore Lemma 7.4. □. 
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